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When [T |>1, lim S, =+ o0 = Y ar"™ is divergent
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When r=-1, S,, =0,S,,,; =1= (S,,) is having two subsequence converging to different limits.
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= IM Sy does not exist=>"ar"* is divergent.
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Theorem: Let Y a, be a convergent series. Then lima, =0,
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Remark: The converse of this theorem is not-true. For example consider Z—.
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However, it can be shown that ZH is a divergent series.
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Example: Consider Z[ il - N 2] . Show that this series is convergent.
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Example: Consider ZLZ . Show that this series is divergent
n=1
n_ nn-1n-2 1
Soln:  Let &, =n%=(n—gl—=[1—ﬁj n-2vnx=2

Then lima, = lim [1—3] n—2=c0
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lim a, #0= By the above theorem Zn—z is divergent
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Example: Show that Z3n+2 is divergent.
Soln: Let a. = 2n+1
L
: _(2n+1) . 2+% 2
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2 0
nsw M3 nZ:; n IS divergent.

6.2.1. Theorem: (Cauchy’s criterion for series):

The series Zan converges if and only if for every ¢>0, dNeN s.t
n=1
|S,-S, |=la,,+a,,+..+a,|<e forall m>n>N.
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Example: (Harmonic series): Show that the series ZF diverges.
n=1

Soln.  We note that

& 1 1 1 1 1 1
_ - —A=—t—t = = — 4+
[S20 =S| k:znﬂk n+l n+2 2n n+1+n+2Jr +2n
1 1 1 1 1
>—+—F.F—=N—== . (1)
2n  2n 2n 2n 2
=1 o . 1 - 1 1
Suppose that ZH converges. By Cauchy’s criterion, given SZE’HN eN st. Z K <E for all
n=1 k=n+1

m>n=>N.
If we choose n = N, m = 2N then
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0 is divergent.
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<5 e |S,y =Sy |<E which is a contradiction to (1) =

CAREER ENDEAVOUR,



Real Analysis 88

Soln.

Soln.

6.2.2. Theorem:

Let (a,) be a sequence of non-negative real numbers. Then Z a, converges if and only if the sequence

n=1

of partial sums is bounded.
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Example: Show that the exponential series E is bounded.
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Using the above theorem, if we can show that (S,) is bounded, then Z a, will be convergent.
n=0

Now S, =a,+a +..+a, —1+ + +.. 1
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= S, <3vneN = (S,) is bounded = Zan = E IS convergent
n=0
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6.3. Tests for Convergence of Series

5.3.1 p-Series Test:

= 1
— converges when p >1 and diverges when p <1.
n=1

6.3.2. Comparison Test:

(a) Let (a,) and (b,) be two sequences such that |a, |<b, for some n> N, where N, is some fixed

integer. If an converges, then Zan converges.

n=1 n=1

(b) Let (d.) be asequence suchthat a, >d, >0 for some n> N, . If Z d, diverges then Z a, diverges.
n=1 n=1

Example: Examine the convergence of the following series

n+1
(a)Zn+1 (b)Zn+1
© © 1 1 1 1 " 1
a) Let a, = i.e. a, = <-— and — is convergent (.- p =2
@ ”Z:; g‘nz*l n’+1 n?+1 " n? nz‘nz gent (. p=2)

— By comparison test Z 7 is convergent
n=1
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