Definite Integral & its Application

Ex.18:

Soln.
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DEFINITE INTEGRALS DEPENDENT ON PARAMETERS
b

Letgiven integralis I (o) = I f(x,)dx, a<x<b

Here,

(i) xis variable of integration

(if) a is a parameter independent of X

(iif) aand b are constants
If this integral can not be solved directly then partially differentiating both sides w.r.t. «

d_§o

d_azia(f(x,a))dx
0 o dl

Now, — f (X, &) iseasilyintegrable — = g(«)
oa da

I =[g(e)da ; I =h(a)+c
c can be found by initial integral.
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, ‘b’ being parameter

1 b 1 b
Let I(b):IX —1dX:dI(b) X" log, x
» 10g, X db ¢ log, x
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dx+0-0 (using modified Leibnitz theorem)
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Ex.20: Evaluate : I

1
Soln. Let I(a)= It

Ex.21:

Soln.

Ex.22:

Soln.

I(b)=log,(b+1) +c

b=0 = 1(0)=0
c=0 - 1(b)=log,(b+1)
“(ax)

dx , ‘a’ being parameter
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Put x=sint = dx=costdt

LL:x=0 = t=0

UL:x=1 = t=Z=
2

I /2 1 1 w2 dt
d(a):j — costdtzjﬁ
da  y 1+a’sin“t cost o L+a‘sin“t
"7 sec’tdt 1 " 1 =z
= ————= tan’l( 1+a? tant)} E =
o 1+ (@+a’)tan’t \1+a2 . 1+a% 2

= I(a):%loge(a+\/1+a2)+c
But 1(0)=0 = c=0

= lI()= Iog (a+\/1+7).

If areal valued function fis given by, I% dt = 2/x b, X > 0, wheére a > 0 and b are real constants, then

f (4) isequal to
(@ 4 (b) 6 (c) 8 (d) 10 [JAM-CA-2010]

i ftgt) dt=2x +b

a

Taking derivative on both sides w.r.t.x
f9_ 1
X2 Jx

Hence, correct option is ().

= f(x)=x¥%90, f(4)=4""=8.

Let f(x)= I e “dt, then f’ ( jequals

@ \E (b) \/7 (© \/g (d) —\E [JAM-MA-2006]
Applying Leibnitz rule
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f(x)= Cojsxe*‘zdt

sin x

f'(x) =6 % (—sin x) — e " *(cos X)

(e (-

Hence, correct option s (b).
1. BETAAND GAMMAFUNCTION
7.1 BETAFUNCTION

1
Beta function is denoted by B (I, m) and definedas B (I, m) = I x' 11— x)" *dx, where I, mare positive
0

numbers.
7.1.1 Symmetric property of Beta function B (I, m) = B(m, I)

Proof: B(l, m) :jx"l(l— X)" X = j(l— X)L -(1—x)}" tdx zjxm’l(l— x)' tdx =B (m,1).

7.2  GAMMAFEUNCTION

Gamma function denoted by I'n = Ie’*x”’ldx ,n>0.
0
7.2.1 RELATIONBETWEENBETAFUNCTIONAND GAMMAFUNCTION

B(l, m)= CiTm
' (1 +m)

7.2.2 PROPERTIES OF GAMMAFUNCTION
@) Tn=(n-1)T(n-1)
If n is positive integer
I'n=(n-1!
(i r1=1
(i) TO=00
(iv) T'(-=n)=co wherenispositive integer

Vv ri-Jz
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(Vi) Pl——: d , Nis a positive integer.
n n a7
sin —
n

7.2.3 TRANSFORMATION OF GAMMAFUNCTION
(0] Putx:log(lj
y

(i) Put x=cy

Ie—cyyn—ldy _ r_:]
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