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SECTION-A

[Multiple Choice Questions (MCQ)]

Q.1 — Q.10 carry ONE mark each.

1.

Let p and t the positive real numbers. Let D, be the closed disc of radius t centered at (0, 0), i,.e.

D, ={(x,y)e]R2 X0+’ Stz}.Deﬁne

dxdy
I(p,t)t=||———"—— : . _
(p.1) J;J. (p2+x2+y2)p Then }EB[(PJ) is finite
(a) forno valueofp (b) onlyif p<1 (c) onlyifp=1 (d) onlyifp>1

Let f:R — R be a continuous function such that forall y e R.

J;f(xt)dxzo *)

then

(a) Thereis an fsatisfying (*) that takes both positive and negative values.

(b) Thereis an fsatisfying (*) that is 0 atinfinitely many points, but is not identically zero.
(c) fmustbe identically 0 on the whole of R

(d) Thereis an f'satisfying (*) that is identically 0 on (0, 1) but not identically 0 on the whole of R
Forevery n e N let f, : R — R bea function. From the given choices . pick the statement that is the negation of
“Forevery x e R and for every real number <> (), there exists an integer N > 0 such that
Z; | fy.i(x)<e forevery integerp> 0.
(a) Forevery x e R and for every real number <> (), there exists an integer N> 0 such that
Z; | fyui(x)<e forevery integerp>0.

(b) Forevery x e R and for every real number > (), there does not exist any integer N> 0 such that

Z;Ifw(x) [>€ for every integer p > 0.

(c) Thereexists x e R and there exists a real number > () such that for every integer N> 0 and for
every integer p > 0 the inequality le:l | fyai (x) |>e holds

(d) Thereexists x e R and there exists a real number > () such that for every integer N> 0 there exists
an integer p > 0 the inequality D" | fy,;(x)[>€ holds.

How many elements of the group Z., have order 10 ?

(a) 8 (b) 10 ©)5 (d) 4
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5.

10.

Q.11 -

11.

Let () < o < 1 beareal numbner of differentiable functions y :[0,1] — [0,0) , having continuous derivative
on [0, 1]and satisfying

Y(0)=(»(1)) seefo1]
is
»(0)=0
(a) inifinite (b) exactly one (b) exactly two (d) finite but more thantwo.
Let n>1 be an integer, Consider the following two statements for an arbitrary7xn matrix A with complex entries.

. If 4" =1, forsomeinteger f > 1, thenall the eigenvalues of Aare f* roots of unity.

II. Ifforsome integer k > 1, all the eigenvalue of Aare f roots of unity. then 4“ =1, .

Then

(a) Tis TruebutlIlis False (b) neither I nor Il is True
(c) bothIand Il are True (d) I'si False but Il is True
Which one of the following subsets of R has a non- empty interior ?

(a) The setof all irrational number in R.

(b) The set {b e R:x* + bx+1=0 has distinct roots}

(c) The set {a eR:sin(a)= 1}

(d) The set ofall rational numbers inR.

Let p:R — R be a continuous function that P(x) >0 forall xeR. Lety be a twice differentiable
function on R satisfying »"(x)+ P(x)y'(x)—y(x) =0 forall x € R. Suppose that there exist two real
numbers a,b(a <b) suchthat y(a)=y(b)=0.Then

(a) y(x) changessignon(a, b) (b) y(x)=0Vxe[a,b]

(© y(x)<0Vxe(a,b) (d) y(x)>0Vxe(a,b)

For aninteger k > (), let B, denote the vector space of all real polynomials in one variable of degree less

than or equal to k. Define a linear transformation 7" : B, — P, by.Tf (x) = f"(x)+x/ (x)
Which one of the following polynomials is not in the range of T?

(@) xt+x? (b) x>+ x3+2 ©)x+1 (d) x + x3+2
Let f:R — R be continuous functionsatisfying f (x)= f(x+1)Vx € R. Then

(a) there exists infinitely many x, € R suchthat /' (x, +7)=f(x,)

(b) theereisno x, € R suchthat f(x,+7)= f(x,)

(c) fisnotnecessarily bounded above.

(d) thereexists aunique x, € R suchthat f(x,+7)= f(x,)

Q.30 carry TWO marks each.

Consider the following statements

I.  The group (Q, +) has no proper subgroup of finite index

II. The group ((C\{O} ,.) has no proper subgroup of finite index

Which one of the following statements is true ?

(a) Neither Inor I is True (b) Both I and I are True
(c) IlisTruebutlis False (d) I'is True but Il is False
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12.  Let pc R? bedefined by D =R’ \{(x,O) Xe R} . Consider the function f: D — R defined by

1
f(x,y)=xsin—
(5.3) - sin<

Then

(a) fisa continuous functionon D and cannot be extended continuously to any point outside D.
(b) f is discontinuous function on D.

(c) fisacontinuous function on D and can be extended continuously to the whole of R

(d) fis acontinuous function on D and can be extended continuously to DU {( 0, 0)} .

13. Consider the function
1 ifxe(R\Q)U{O}

-1 if x==,neZ\{0}, peNand ged(n, p)=1
p p

(%)=

then
(a) fiscontinuousatall xe R\Q

(b) fis not continuous atx =0
(¢) all xeQ\ {O} are strict local minima for f.

(d) fis continuous atall x € Q
14.  Lety be the solution of

(1) (x)+ ' (1)~ (x) =0,(-1)

y(O) = l,y'(O) =0

then
(a) y is bounded on (—1,0] (b) ¥(x)=2on (~1,)
(c) yattained its minimum atx=0 (d) yis bounded on (0,00)

15.  Which one of the following statements is True ?
(a) Exactly half of the elements in any even order subgroup of S, must be even permutations
(b) There exists and normal subgroup of S, of index 7
(c) There exists a cyclic subgroup of S, of order 6.
(d) Any abelian subgroup of S is trivial
16.  Which of the following statement is True ?

(a) (Q/Z,+) is isomorphic to (Q,+) (b) (Q/Z,+) is isomorphic to (Q/ 2Z,+)
(¢) (Z,+) isisomorphic to (Q,+) (d) (Z,+) is isomorphic to (R, +)
17. Let 5 >2 beaninteger. Let 4.C” — C” be the linear transformation defined by

A(z,,2y.....2,) = (2,2, 2,2, ) Which one of the follwing statements is true for every 5 > 2 ?

(a) Aisnilpotent (b) All eigen value of A are of modulus 1
(c) Aissingular (d) Every eigenvalue of A is either O or 1.
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19.

20.

21.

22,

23.

24,

Let f/:R — R be an infinitely differentiable function such that forall ¢, € R with 4 <.

f(b) _f(a) — f(a_—f_b)
b-a 2

Then

(a) fisnota polynomial

(b) fmustbe alinear polynomial

(c) f mustbe polynomial of degree less than or equal to 2.

(d) fmust be a polynomial of degree greater than 2.

Let M, (R) be the real vector space of all nxn matrices with real entries 5 > 2

Let Ae M, (R).Consider the suspace W of M, (R) spanned by {In A, Az,....} . Then the dimension of
W over R is necessarily

(a) (b) atmostn. (c) n? (d)n

Consider the family of curves x* — y* = ky with parameter 4 e R . The equation of the orthogonal trajectory
to this family passing through (1, 1) is given by

(@ x*+2xy=3 (b) x’+3xp° =4 (© X’ +2x°=3 (d) y*+2x’y=3
. 1 1 1
Define S =}g§(1—?)[1—3—2]---(1—?j Then
(a) SZE (b) s=1 (C)Szl (d) Szl
4 2 4

Consider the surface S = {(x, yay)eR:x’ +)" < 1} .Let F = yi +xj +k if 7 is the continuous unit normal

field to the surface S with postive z- component, then ﬂﬁ -ndS equals
N

b) — £ d
(@ 2n ®) 2 © 7 (d =
Let /:[0,1]—[0,1] be anon- contant continuous function suchthat f'o f = 1 .Define

E, ={xe[0,1]:f(x)=x}.Then

(a) E, isaninterval (b) E, is empty

(©) E p is neither open nor closed (d) E p need not be an interval
Let ybe a twice differentiable function on R satisfying

y'(x)=2 +exeR

»(0)=-1 »'(0)=0

Then

(a) Thereexistsan x, € R suchthat y(x,)2 y(x) forall xy e R
(b) y =0 has exactly two roots

(¢) y =0 has exactly one root
(d) y=0has more than two roots
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25.

26.

27.

28.

29.

30.

Xll X12

IS a2nx2nmatrix
X21 X22 )

Let A be an nxn invertible matrix and C be an nxn nilpotent matrix. If X = (

A 0
(eachnxn) that commutes with the 2nx2n matrix B = [ 0 C] .then

(a) X, and X, are necessarily zero matrices (b) X, and X, are necessarily zero matrices
(c) X, and X, are necessarily zero matrices (d) X, and X, are necessarily zero matrices
Let g be an element of S_ such that g commutes with the element (2, 6,4, 3). The number of such g is
(a) 48 (b) 6 (c)4 (d) 24

. 2 f(n) L .
Let f:N — N be a bijective map such that Z 5— <1 The number of such bijecitve maps is

n=1

(a) Zero (b) infinite
(c) exactlyone (d) finite but more than one

Consider the two series

0

1 =1
L ZW and H-ZTW
n n

n=1 n=l1
Which one of the following holds ?
(a) BothIandII converge (b) Idiverges and Il converges
(c) Iconverges and Il diverges (d) Both I and II diverge.

1
Let f:[0,1] —[0,0) be acontinuous function such that (f(t))z <1+ 2J.f(s)ds ,forall  €[0,1] Then
0

(@ f(r)=1+¢ forall 1<[0,1] (b) /() <1+ forall 1 [0,1]
(c) f(t)>1+¢ forall £€[0,1] (d) f(¢)<1+tforall £ €[0,1]
Let G be a finte abelian group of odd order. Consider the following two statements:

I. Themap f:G — G defineby f(g)=g’ isa group isomorphism

II. The product gg N ¥

(a) BothIand Il are True (b) Neither I nor II is True
(c) IIis TruebutIis False (d) Iis Ture but Il is False

SECTION-B

Q.01 -

1.

[Multiple Select Questions (MSQ)]
Q.10 carry TWO marks each.
Let G be a finite group of order 28. Assume that G contain a subgroup of order 7. Which of the following
statements is/are True ?
(a) G contains atleast two subgroups of order 7 (b) G contains normal subgroups of order 7
(c) G contains a unique subgroups of order 7 (d) G contains no normal subgroups of order 7

Let f: (a,b) — R be a differentiable function on (a, b). Which of the following statements is/are True?
(@ If f'(x,)>0 forsome x, €(a,b), then there existsa § > ( suchthat /(x)> f(x,) forall
x €(xy, X, +8)
(b) If f"(x,)>0 forsome x, €(a,b),then fis increasing in a neighbourhod ofx,.
() f'>0 in(a, b) implies that fis increasing in (a, b)
(d) fisincreasingin(a,b) implies that /' >0 in(a, b)
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10.

Let V be a finite dimensional vector space and 7 : /7 — J/ be a linear transformation. Let R (T ) denote the

range of T and N(T) denote the null space {v € ¥ : Tv =0} of T. Ifrank (T) = rank (T?), then which of the
following is/are necessarily true ?

(@ N(T)={0} (b) N(T)=N(T")  (¢) N(T)NR(T)={0}(d) R(T)=R(T*)
Consider the four function from R toR: f; (x) =x* +3x +7x+1, f, (x) = x* +3x° +4x, f; (x) =arctan

f( )_ x ifxeZ
()and S\ =10 i v ez

Which of the following subsets of Rare open ?

(a) Therange off, (b) Therange off, (c) Therange of f,  (d) The range off,
Which of the following subsets of R is/are connected ?

(a) Theset {xeR:x’+x+120} (b) The set {x € R : x is irrational}

(c) Theset {xe R:x’—2x+1> 0} (d) The set {xe]R:x3 -1> O}

Consider the two function /' (x, ) =x+y and g(x,»)=xy—16 defined on R2. Then

(a) The function g has a global extreme value at (0, 0 subject to the condition /=0

(b) The function g has a global extreme value subject to the condition /= 0

(c) The function fhas no global extreme value subject to the conditiong =0

(d) The functionf attains global extreme value at (4,4) and (—4, —4) subject to the conditiong =0

Let D=TR? \{(O, O)} , Consider the two functions u,v: D — R defined by

u(x,y) =x" -y and u(x,y) =Xy

Consider the gradients vy and Vy ofthe functions # and v, respectively. Then
(a) Vu and Vv are perpendicular at each point (x, y) of D

(b) Vu and Vv are parallel at each point (x, y) of D

(¢) Vuand Vv are each point (x, y) of D span g2

(d) Vu and Vv do not exist at somepoint (x, y) of D

Letm >1and n> 1 be integers. Let A be an m>n matrix such that for some mx1 matrix b , the equation
Ax = b, has infinitely many solutions. Let b, denote an m>1 matrix different from b, then Ax = b, has

(a) Finitely many solutions for some b,. (b) No solution for some b,

(c) infinitely many solutions for some b,. (d) Aunique solution for some b,
Consider the equation x**' + x**** + ...+ x—1=0 Then

(a) exactlyonerealrootis positive (b) no real roots is positive

(c) allreal roots are positive (d) exactly one real root is negative

Let /:R — R be a funtion with the property that for every y € R . The value of the expression
sup| xy— f(x) ] s finite. Define &(¥)= sup (= (x)] for y e R . Then

xeR

o fim L) R,
(a) f mustsatisfy [0, | +o (b) gis odd if fis even
(c) giseveniffiseven (d) fmust satisfy ;11 SR
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SECTION-C

[Numerical Answer Type (NAT)]
Q.01 — Q.10 carry ONE mark each.

1. The number of group homomorphisms from the group Z, to the group S, is

2. Consider the subset S = {(x,y) x> 0} of R2. Let

X

P(x’y)zxz+yz and Q(x’y)_xz +y2

For (x, y) € S .If C denotes the unit circle traversed in the counter-clockwise direction, then the value of

%JC. (de + Qdy) is

9
Let V: (— 3] — R e a differentiable function satisfying

3. 10’
(x=29)2 4 (2x+y)=0,x e[ —,3 |, and y(1)=1
V) e y)=0, 10°> ) and y(1)=1. then ¥(2) equals
4. Consider the set 4= {a eR:x*=a(a+1)(a+2)hasareal root}. The number of connected
components of A is
1
5. The value of lim(3” +5" 47" ); is

6. Let B= {(x,y,z) eR :x*+)*+22< 1} and define u(x,y,z)= sin((l_x2 _y? _22)2) for

o'u O'u u
ou L O OY | dydi:
o oy 622) VD!

7. The number of cycles of length4 in S, is

Elimcos E]cos(zj cos( T j
The value of > 1 g ol | 18

9. Let V be the real vector space of all continuous function f : [O, 2] — R such that the restriction of f'to the

interval [0, 1] is a polynomial of degree less than or equal to 2, the restriction of fto the interval [1, 2] is a
polynomial of degree less than or equal to 3 and f(0)= 0. Then the dimension of V is equal to

(x,,z) € B. Then the valueof Hj(
B

e

10. Let F=(y+1)e’ cos(x)i+(y+2)e”sin(x)j be a vector field in R2 and C be continuously

T =
diffferentiable path with the starting point (0, 1) and the end point (5, 0] . Then J. F-dr equals
C
Q.11 - Q.20 carry TWO marks each.
11.  Consider those continuous functions f : R — R thathave the property that givenany xy e R . f (x) eQ
if
f(x+1) e R\Q. The number of such functions is
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o

13.

14.

15.

16.

17.

18.

19.

20.

The number of elements of order two in the group S, is equal to

2 -1 3
Let 4=12 -1 3 . Then the largest eigenvalue of A is
3 2 -1

The least possible value ofk, accurate up to two decimal place, for which the following problem

y'(t)+2y'(t)+ky(1)=0,reR

¥(0)=0,(1)=0,y(1/2) =1 has asolution s
1 00 O
01 0 . . :

Let A= 00 -1 . Consider the linear map 7', from the real vector space M (RR) to itself defined
0 00 -1

by T,(X)=AX — XA, forall X € M, (R). The dimension of the range of T, is

2021 2020 2020 2020

' ‘ 2021 2021 2020 2020 .
The determinant of the matrix 2021 2021 2021 2020 |1

2021 2021 2021 2021

The largest positive number a such that J. f(x)dx+ I AN dx 2 a for every strictly increasing surjective
0
continuous function f : [0,00) - [0,00) is
1 n=2 )
?222’ if n>0'is even
Define the sequence S, = 1 ;?
—>'2* if n>0is odd
=0
1< o :
Define 6, = —Z s, . The number of limit points of the sequence {Gm} is
m n=1

Let S be the surfacedeﬁnedby{(x,y,z)e R :z=1-x*-y",z> 0} .Let F“z—yf+(x—1)]’+zzl€ and

i be the continuous unit normal field to the surface S with positive z-component. Then the value of
1 _

—W(VxF)-ads :

L [(v=F) s

1
The value of [im j & sin(ov) b s
0

*kfek END****




