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MATHEMATICS MA-2022

SECTION-A

[Multiple Choice Questions (MCQ)]

Q.1 — Q.10 carry ONE mark each.

11 1
1. Consider the 2x2 matrix M = (1 0] e M, (R). Ifthe eighth power of M satisfies M * (0] = (x] , then the
y
value ofx is
(@) 21 (b) 22 (c) 34 (d) 35
1 11000
1 001 10
2. Therankofthe4x6matrix | o | o | o | | WithentriesinRis
0 01 01 1
(a) 1 (b) 2 (c)3 (d) 4
3. Let V'be the real vector space consisting of all polynomials in one variable with real coefficients and having
degree at most 6, together with the zero polynomial. Then which one of the following is true ?
(a) {fe V:(l/2)e Q} is a subspace of V' (b) {feV:(l/2)=1} is a subspace of V/
() {fe V:(1/2) =f(1)} is a subspace of V/ (d) {fe V:f’(1/2)=1}isasubspace of V

4. Let G be a group of order 2022. Let H and K be subgroups of G of order 337 and 674, respectively. If
H U K is also a subgroup of G, then which one of the following is False ?

(a) Hisnormal subgroup of H UK (b) The orderof # U K ios 1011.
(c) Theorderof H UK 1s 674 (d) K is normal subgroup of H U K

0 2
5. The radius of convergence of the power series Z (—”) x> is

n=1

1 1
() 4 ®) 34 © 5 A 7

! X, + Y,
6. Let (x ) and (v,) be sequences of real number defined byx, =1, y; = IR Xy = 5 and y,,, =+/x,),

for all 5; e N. Then which one of the following is true ?

(@) (x,)is convergent, but () is not convergent
(b) (x,)is convergent, but(y, ) is convergent

(c) Both (x,) and (y,) are convergentand limx, > limy,

(d) Both(x) and (y,) are convergent and }g{lo Xy = lg{lo Y
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"o

10.

11.

1
"+3 =
Supposea, =— and b, 1+2)* forn=2,3,4, ... Then which of the following is true ?
55 (1+7°)
(a) Both Z a, and an are convergent (b) Both Z a, and an are divergent
n=2 n=2 n=2 n=2

(c) Z a, is convergent and an is divergent (d) Z a, is divergent and an is convergent

n=2 n=2 n=2 n=2

. . S 1 . . ..
Consider the sereis Z 1) where m and p are real number. Under which of the following conditions

n=1 m
n (1 + n")
does the above converge ?
(a) m>1 (b)0<m<landp>1
(©)0<m<land 0< p<1 (d)m=1and p>1
x+ct
Let ¢ be a positive real number and let ;. R? —» R bedefined by u(x,t)=— J. ¢ ds for (x,t)eR?
¢ x—ct
Then which one of the following is true ?
2 2 0 0?

@ 24 _ 20U R ) == Lon R,

or? o2 ot Ox

Ou Ou o’u

— = =0onR2 =0 2.
© ot Ox on @ Otox o

Let e (%,gj Consider the functionsu = R’ —{(0,0)} —-R and v:R* —{(0,0)} — R given by

X y
u(x,y)=x———> v(x,y)=y+
( y) x2+y2 and ( y) y x2+y2
o ou
ox Oy
The value of the determinant | v~ dv| at the point (cosf, sin) is equal to
ox Oy
(a) 4sind (b) 4 cosO (c) 4sin’0 (d) 4cos?0

Consider the open rectangle G = {(S,t) eR*:0<s<land0<r< 1} and themap 7 - G — R? givenby

ns(l—t) n(l—s)

T(S’t)z[ T T ]for(s,t)eG

Then the area of the image 7(G) of the map T'is equal to

2 2

@ ® 7 © 5 @1
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12.  Let T'denote the sum of the convergent seriesl ——+———+———+....+ +... and let S denote
2 3 4 56 n
the sum of the convergent series | —l—l 1.1 —l 1 —L—L-i- . = Zan where
2436851012 i
a —La —_—landa —_—lf Then which f'the follolwing is true ?
2 =5 T e S an = for m e N. Thenwhich one of the follolwing is true
(a T=Sand S#0 (b) 2T=Sand S#0 (c) T=2SandS=#0 (d) T=S5=0
13. Let 4 : R — R be atwice continuously differentiable function such that « (0) >0 and u'(0) > 0. Suppose
. " u (x )
u satisfies u"(x)= ~ forall x cR.
1+x
Consider the following two statements:
[.  The function uu' is monotonically increasing on [0, )
II. The function u is monotonically increasing on [0, o)
Then which one of the following is correct ?
(a) BothIandIIare false (b) Both I and II are true
(c) lis false, butlIlis true (d) Lis true, but I is false
14.  Thevalue of lim ik v, is equal to
ek (hl k)
(a) oo (b) 1 (c)e (d) 0
15. For 1 € R, let[#] denote the greatest integer less than or equal tot, Define functions 4, . R?> —» R and g : R — R by
-1 . sin x
if x> # y, if x#0
h(x,y)=4x"-y Y izl g(x)=1 «x e
0 if x’=y 0 ifx=0
Then which one of the following is False ?
x’y -1 h(x.y)
hm cos == hrn e =0
@ (ot (xm] 2 ® o122
© hm ln(xy’[y])ze—2 @, hm e "g(x)=1
16. Let Pe M, (R) be such that P* is the zero matrix, but P* is a nonzero matrix. Then which one of the

following is False ?

(a) Foreverynonzero vector y, ¢ R*, then subset {v, Pv,P*v, P’ v} of the real vector space R* is linearly
independent.

(b) The rank P*is 4 — k for every k €{1,2,3,4}

(c) Oisaneigenvalue of P.

d IfQeM, ( R) is such that Q* is the zero matrix, but Q® is a nonzero matrix, then there exists a

nonsingular matrix S € M, (R) suchthat S'QS = P
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18.

19.

20.

21.

For X,Y e M, (R), define (X,Y)=XY -YX . Let Oe M, (RR) denote the zero matrix. Consider the

two statements:

P:(X,(Y,2))+(Y,(Z.X))+(Z.(X,Y))=0 forall X,Y,ZeM,(R)

0:(Xx,(Y,2))=((X.Y),Z) forall X,Y,ZeM,(R)

Then which of the following is correct ?
(a) BothP and Q are true (b) Pistrue, but Q is false
(c) Pisfalse, butQistrue (d) Both P and Q are false
Consider the system of linear equations

x+y+t=4,

2.x - 4t =7,

xX+y+z=5,

x=3y—-z-10t=1,

Where x,),z, t are variables and A is a constant. Then which one of the following is true ?
(a) IfA=1,thenthe system has aunique solution

(b) IfA=2,thenthe system has infinitely many solutions.

(c) IfA=1,thenthe system has infinitely many solutions.

(d) IfA =2, then the system has a unique solution

Consider the group (Q, +) and its subgroup (Z, +). For the quotient group (Q/Z, whhich one of the following
is False ?

(a) Q/Z, contains a subgroup isomorphic to (Z, +).

(b) Thereis exactly one group homomorphism from Q/Z to (Q, +).
(c) ForallneN, there exists g € Q/Z such that the order of g is .
(d) Q/Zisnota cyclic group

For Pe M. (R) and i, j €{1,2,...5}, let p._ denote the (i, j)™ entry of P. Let
5 \ J try

S = {P eM, (]R):pij =p, fori,j,r,se {1,2,...,5}With i+r= j+s}

Then which one of the following is False ?

(a) Sisasubspace of the vector space over R of all 5x5 symmetric matrices.

(b) The dimension of S over R is 5.

(¢) Thedimension of S over Ris 11.

(d) If pe S andall the entries of P are integers, then 5 divides the sum of all the diagonal entries of P.

On the open interval (—c, ¢) where ¢ is a positive real number, y(x) is an infinitely differentiable solution of
the differential equation

with the initial condition »(0) = 0. Then which one of the following is correct ?

(a) y(x)hasalocal maximum at the origin

(b) y (x)has alocal minimum at the origin

(c) y (x)strictly increasing on the open interval (-0, d) for some positive real number 0.
(d) y (x) strictly decreasing on the open interval (-0, ) for some positive real number .
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22,

23.

24,

25.

26.

27.

1
Let 4 :R — R be the function given by H(x) = E(ex +€7X) for yeR.Let f:R— R be defined

by f J' H(xsin e d0 for x € R . Then which one of'the following is true?
0

(@) x/"(x)+f'(x)+x/(x)=0forallxeR (b) x/"(x) - f'(x)+xf(x)=0forallxeR
© xf"(x)+f'(x)-x(x)=0forallxeR (d) x/"(x)- f'(x)—xf(x)=0forallxe R

Consider the differential equation

y'+ay'+y=sinxforxeR (**)

Then which one of the following is true ?

(a) Ifa=0, then all the solutions of (**) are unbounded over R.

(b) Ifa=1, then all the solutions of (**) are unbounded over (0, ).

(c) Ifa=1, then all the solutions of (**) tend to zero as x— o

(d) Ifa=2,then all the solutions of (**) are bounded over (—0,0)

For g €7, let g €Z,, denote the reside classs of g module 37. Consider the group

U,, = {g € Zy, :1< g <37 with ged( g, 37) = 1} with respect to multiplication modulo 37. Then which

one ofthe following is False ?

(a) Theset { gel,,:g= (§ )_1 } contains exactly 2 elements
(b) The order of the element 10 in U, is 36

(c) There is exactly group homomorphism from U, to (Z, +) .

(d) There is exactly group homomorphism from Uy, to (Q,+)
For some real number ¢ with 0 < ¢ <1,let ¢:(1-¢,1+c) — (0,%0) beadifferentiable function such that

¢(1)=1and y = ¢(x) is a solution of the differentiable equation (x2 ¥y’ )dx —4xydy =0.

Then which one of the following is true ?
(@) (3(¢(x))2+x2)2 =4y (b) (3(¢(x))2_x2)2 e
(c) (3(¢(x))2 +x° )2 =44(x) (d) (3((1)()6))2 —x’ )2 =4¢(x)

Fora4x4 matrix M € M, (C),let M denote the matrix obtained from M by replacing each entry of M by

its complex conjugate. Consider the real vector space H = {M eM,(C):M" = M } where M" denotes

the transpose of M. The dimension of H as a vector space over R is equal to
(@ 6 (b) 16 (c) 15 (d) 12
N

: 2 T
Let a, b be positive real number such that a < b Given that }}g}o 'fe dt= ~5 thevalue of
0

lim
N—>w©

@ Vr(Ja—b) ) Vr(Va+ib) (@ ~r(Va+vb) (@) Vr(Vb-a)

1 2 2 .
—Z(e’”’ —e™” )dt is equal to
t

O —— >
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29.

30.

For—1 <x <1, iff(x) is the sum of the convergent power series

2 x3 xn 1 .
x+?+3—2+...+?+... then ./ 3 is equal to

® IM‘h () —TMW (©) ]ftln(1+t)dt @ [tin(1-t)ar

T

ForneNandxe[1,0], let £, (x) = I(x2 +(cos0)x’ —1) d6, Then which one of the following is true ?

0
(@) f, (x)isnota polynomialinxifzisoddandn>3.
(b) f,(x)1s nota polynomial inxif7 is oddand n > 4.
(¢) f,(x)isapolynomial inx forallneN
(d) f, (x)is nota polynomial inx for any n > 3.

1 1
Let Pbe a 3x3 real matrix having eigenvalue A, = 0,A, =1 and A, = -1 Further, v, =| 0 |,v,=| | | and
0 0
1
=10 are eigenvectors of the matrix P corresponding to the eigen value A, , 2., and 7»3, respectively.

Then the entry in the first row and the third column of Pis
() 0 (b) 1 (c)-1 (d) 2

SECTION-B

31.

32.

Let (-, ¢) be the largest open interval in R (where c is either a positive real number or ¢ = o0) on which the
solution y(x) of the differential equation

d

d—y =x"+» +1 with initial condition y (0)= 0 exists and is unique. Then which of the following is/are true ?
X

(a) y(x)isanodd function on (—c,¢) (b) ¥(x) is an even function on (—c,c)

(¢) ((x))* has alocal minimum at 0 (d) (»(x))* has alocal maximum at 0

Let Sbe the set of all continuous function f:[-1,1] = R satisfying the following three contitions
(1) fis infinitely differentiable on the open inverval (-1, 1)

" 0
(i) the Taylor’s series f(0)+ /'(0)x +f2—(‘)x2 +... of f'at 0 converges to f{x) for each x € (-1,1)

1
(i) f(;j=0 forall , ¢ N
Then which of the following is/are true ?
(@) f(0)=0 foreveryfeS

(b) f'(%j =0 foreveryfeS

(1
(c) There exists fe .S such that ./ (Ej #0

(d) There exists fe.S such that f(x) # 0 for some xe[—1, 1]
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33.

34.

3s.

36.

Define f:[O,l] —>[O,1] by

ifx=0

1

| m .
— if x =—for some m,n € N with m <n and ged (m,n) =1
n n

0 ifxe [0, 1] is irractional

f(x)=

0 ifx=0

and define gi[O,l]ﬁ[O’l] by g(x)={1 if x €(0,1]

Then which of the following is/are True ?

(a) fis Riemann integrable on [0, 1]

(b) g is Riemann integrable on [0, 1]

(c) The composite function fog is Riemann integrable on [0, 1]
(d) The composite functiongof is Riemann integrable on [0, 1]

Let S be the set of all functions f: R — R satisfying

|f(x)—f(y)|2 < |x—y|3 for all x, yeR.

Then which of the following is/are True ?

(a) EveryfunctioninS is differentiable

(b) There exists a functionf'€S such that fis twice differetiable, but fis not thwice differentiable

(c) There exists a functionf'€S such that fis twice differetiable, but fis not thrice differentiable

(d) Every function in S'is infinitely differentiable

The real valued function y(x) defined on R is said to be periodic if there exists a real number T >0 such that

2

d .
y(x+T)=y(x) forallxeR. Consider the differential equation dx); +4y=sin(ax),xeR, (¥

where aeR is a constant. Then Which of the following is /are true ?
(a) Allsolutions of (*) are periodic for every choice of a.

(b) Allsolutions of (*) are periodic for every choice of a € R — {—2, 2} .

(c) Allsolutions of (*) are periodic for every choice of a € Q —{-2,2}
(d) a € R-Q Then there is a unique periodic solution of (*)

Let M be a positive real number and let . v : R*? — R be continuous functions satisfyin,
p , 2

\/u (x,y)2 Jr\/(x,y)2 > M/x* +y* forall (x,y)eR*.Let f: R? s R? be givenby

F(x,y)= (u(x,y),v(x,y)) for (x,y)eR*. Then of the following is/ are true ?

(a) Fisinjective
(b) IfKis open R?, then F(K) is open in R,
(c) IfKisclosed inR?, then F(K) is closed in R?.

(d) IfEis closed and bounded in R?, then F~' (E) is closed and bounded in R%.
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38.

39.

40.

Let G be a finite group of order at least two and let e denote the identity element of G. Let 5: G — G bea
bijective group homomorphism that satisfies the following two condition

()if o(g)=g forsome g G, then g =e

(i) if (co0)(g) =g forall ge G
then which of the following is/are correct ?

(a) Foreach g eG,there }, ¢ G such that h"lc(h) =g

(b) Thereexists x e G such that xo(x)# e

(c) The map o satisfies o(x) =x"' for everyxe G
(d) The order of the group G is an odd number

Let (x ) be a sequence of real numbers. Consider the set P = {n eN:x, >x, for all m € N with m > n} .

Then which of the following is/are True ?

(a) IfPisfinite, then (x ) has amonotonically increasing subsequence.

(b) IfPis finite, thenno subsequence of (x, ) is monotonically increasing .

(c) IfPisinfinite, then (x, ) has a monotonically decreasing subsequence .

(d) IfPisinfinite, thenno subsequence of (x ) is monotonically decreasing .

Let V be the real vector space consisting of all polynomials in one variable with real coefficients and having
degree at most 5, together with the zero polynomial. Let 7: 7 — R be the linear map defined by 7(1)=1
and

T(x(x—l)...(x—k+1)):l for 1<k<5.

Then which of the following is/are True ?
(@) T(x')=15 (b) T(x’)=5 ©T(x')=14 (@ T(x")=3

Let Pbe a fixed 3x3 matrix with entries inR. which of the following maps from A (R )to M, (R ) is/are linear

@ T,:M;(R)—> M;(R) givenby T,(M)=MP-PM for M e M, (R)

(b) T,:M,(R)—> M;(R) givenby T, (M )=M>P-P*M for M € M,(R)
(© Ty:M,(R)—> M;(R) givenby Ty (M) =MP* +P’M for M e M;(R)
(d) T,:M,(R)— M,(R) givenby T, (M )=MP* —PM’ for M € M, (R)
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SECTION-C

41.

42.

43.

44.

45.
46.

47.

48.

49.

50.

The value of the limit

. (l4+24+...+n4) 1 1 1 1
lim P +ﬁ er \/m+"'+ Jan )| is equalto (Rounded off'to two

decimal places)

n—0

Consider the function 5 : R? —» R givenby u = (x1 ,xz,x3) = XXX —x;x; —26x x;x; . Let ¢ ¢ R and

ou ou
k e N be such that X o +2x, o evaluated at the point (¢, 2, ), equals ct* for every teR.
2 3

Then the vlaue ofk is equal to

d
Let y (x) be the solution of the differential equationd—i; +3x’y=x’, forxeR satisfying the initial condition
y(0)=4.

Then )lg?o y (x ) is equal to (Rounded off to two decimal places)

u 1
The sum of the series Z ( 4 — 3) ( dn+ 1) is equal to (Rounded off to two decimal places)

n=1

The number of distinct subgroups of Z,, is
The number of elements of order 12 in the symmetric group S. is equal to

, sin x Lo b
Let y(x) be the solution of the differential equationxy2 y'+y’ = T for x > ( satisfying (E] =0

Sn
Then the value of (7] isequalto (Rounded off to two decimal places)

Consider the region G = {(x, y.z)eR:0<z<x’ -y’ X" +)7 < 1} . Then the volume of G is equal
to (Rounded off'to two decimal places)

Given that y (x) is a solution of the differential equation xy"+ x)’'— 4y = x* onthe interval (0, «) such that
}g(l)l Y (x ) exists and y(1) = 1. The value of )'(1) is equal to (Rounded off'to two decimal places)
Consider the family F' of curves lying in the region {(x, y)eR?:y>0and0<x< n} and given by

c¢(1—cosx) , N
=————=, where c is positive real number.
sin x
Let F, be the family of orthogonal trajectories to F,. Consider the curve C belonging to the family £,
r
3

equalto (Rounded off to two decimal places)

47
,1] .Ifais real number such that (—, a] lies on ¢ then the vlaue of a* is

passing through the point ( 4




PAPER : lIT-JAM 2022

.ﬂle

52.

53.

54.

5S.

For ¢ € R, let [t] denote the greatest integer less than or equal tot.

Let Dz{(x,y)eRZ:x2+y2<4}.Let f:D—>R and g:D — R be defined by f(0,0)=g(0,0)

and

2.2
f(x’y)zw+y2]xf‘c+yy“’g(x’y):[yz]xziyy2

for (x, y) # (0, 0). Let E be the set of point of D at which both fand g are discontinuous. The number of
elements in the set E is

X
If G is the region in R? given by G ={(x,y)€ R*:x +’ <1,$<J’<\/§,x> 0,y> 0} then the

200 ¢
vlaue of ™ ,[ ,f X*dxdy 5 equal to (Rounded off to two decimal places)
G
1 1 v,
u
Let A=| 0 1| and A" denote the transpose of A. Let # = [ul ] and v =| v, | be coloum vectors with
-1 1 . v,

entries in R such that ” +u; =1 and v +v; +v; =1. Suppose 4, =~/2y and 47y = /2y
Then ‘ul + 2\5\/1 ‘ is equal to (Rounded off to two decimal places)

Let f :[0,7] = R be the function defined by

(x—rc)eSi"X ifOSng

f (X) B sinx 4 o T
xe'"+— if—<x<m
yis 2
then the value of J. f(x)dx i equal to (Rounded off to two decimal places)
0

Let » be the radius of convergence of the power series

Lox © x x 2 2 x
3 05 3 5 3 5 3t 5077

Then the vlaue of 7 equal to (Rounded offto two decimal places)
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56.

57.

58.

59.

60.

Define f:R?> —» R by f(x,y)=x*+2y’ —x for (x,y)eR’

x2 2
LetDz{(x,y)eRZ:x2+y2£1} and E={(x,y)eR2:T+%£l}.

Consider the sets

D, .. = {(a b)eD:f has absolute maximum on D at (@, b)}
D .. = {(a, b)eD:f has absolute minimum on D at (@, b)}
E_. = {(c, d)€E: f has absolute maximum on E at (c, d)}
E . = {(c, d)E: f has absolute minimum on E at (¢, d)}

Then the total number of elements intheset D, WD . VE _UE . isequlto

11 10 10 10

, ) 10 11 10 10
Consider the 4x4 matrix M = -
10 10 11 10

10 10 10 11

Then the value of the determinant of M is equal to
Let o be the permutation in the symmetric group S, given by

G(l)=2, G(2)=3, G(3)=1, G(4)=5, 0(5)=4.Deﬁne N(cs):{ﬂ:,eS5 :Gor=roc}.
then the number of elements in V(o) is equal to

Let f:(-L1)>R and g:(-L1) >R be thrice continuously differentiable functions such that
f(x)=g(x) for every noZero xe(-11), Suppose
f(0)=m2,  f'(0)=m, f"(0)=n*and f"(0)=1’

and g(0)=In2,  g'(0)=m " g"(0)=nand g"(0)=n".

f(x) _ elx)

e/ _
Then the value of the limit '™ 7 (x) s (x) is equal to (Rounded off'to two decimal places)

3,2
X +X

If £ :[0,0) > R and g :[0,00) = R are continuous function such that J. f(t)dt=x* and
0
&(x)

I rdt =9(x+ 1)3 forall x €[0, ), then the value of f(2)+g (2)+ 16 f(12) is equal to (Rounded
0

offto two decimal places)

*kdek END****




