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Definite Integral & its Application

Ex.1:

Soln.

Ex.2:

Soln.

DEFINITE INTEGRALS
INTRODUCTION
Consider afunction f (x) whose indefinite integral is F(x) + C .

ie., j f(x)dx=F(x)+C

b
Also consider the integral _[ f (x) dx, which is known as a definite integral and x = a, x =b are called the
a

lower and upper limits of integration.

b
The relationship between the definite integral _[ f (x) dx and the indefinite integral F(x) is:

a

b
jf(x)dx: F(b) - F(a)

This formula comes from The fundamental Theorem of calculus (FTC). This formula can be used only ifthe
function f (x) is continuous at all points in the interval [a, b].

Evaluate:
3 2
() j X% dx (ii) jsin X dX
1 0
3 o 26 L ot
) [ xPdx=|— ==(3*-1)="2 ii sin xdx=|-cos x| “ =—(cos 7/2 - cos0) =1
()! 313( )= ()! | o =—( )

ml2
Evaluate : _[ sin® x cos x dx
0

rl2
Let | = _[sin3xcos x dx
0

Let sin x=t = cos xdx =dt
T
For XZE'tzl and for x=0, t=0

1 1

= |:jt3dt=

0

t4
4

L
.

0
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Note: Whenever we use substitution in a definite integral, we have to change the limits corresponding to the change in

the variable of the integration.

In this example we have applied F.T.C to calculate the definite integral. F.T.C is applicable here since sin® x cos x
(integrand) is a continuous function in the interval [0, z/2].

2.1

Ex.3:

Soln.

PROPERTIES OF DEFINITE INTEGRALS
BASIC PROPERTIES OF DEFINITE INTEGRALS

b c b
Property-1: jf(x)dx:j f(x)dx+_[ f(x)dx where a<c<b

a

b
Property-2: jf(x)dx:—jf(x)dx

b

Property-3: j'f(x)dx:_tf f(t)dt
Evaluate : j"xz —4‘ dx
3 ’ -2 +2 ]
_sz —4‘dx= _sz —4‘dx+ _sz —4‘dx+_”x2 —4‘dx
—4 :Z —22 2 3
= [ (¢ = )dx+ [ (4—x)dx+ [ (x* = 4 dx
_4 =2 2

[as ‘xz - 4‘ = 4-x2in[-2, 2] and x? — 4 in other intervals]

42 2 3

3

3
X——4x
3

ax -2
3

X3

= “* +|— —4X
3

-4 <2

o Pt g (4

2

2.2

Ex.4:

Soln.

PROPERTIES OF DEFINITE INTEGRALS:

Property-4: Tf(x)dx:j f(a—x)dx

0 0

w2 [
Evaluate: J' - SINX
5 Vsinx ++/cos x

i3 Jsin x

Letl:J'

5 VSinX ++/coS X

Using property - 4, we have :

w2 Jsin(7/2 - x)

4 \Jsin(x/2—x) + \Jcos (z/2 - X)

dx

dx . (i)
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/2
1= [ 27 ...(ii)
7 \/COS X ++/sin X
Adding (i) and (ii), we get
~ ”J’-2 sinx ”J’-2 Jeos x i
g \/sinx+\/cosx Jsin X + cos x

2 Jsin x + /cos x i3

T ™ T
:ZI_Im+mx:> 2I—_([dx 5 = | 2
Ex5: If f(a—x)= f(x),thenshowthat _Tx £ (%) dx:%j f(x)dx.
Soln. Letl:ixf(x)dx: Izj(a—x)f(a—x)dx
=_T(a—x) f(x)dx [using f(x)=f(a—X)]

=jlaf(x)dx—j.xf(x)dx = | :ajlf(x)dx—l

= 2l=a]f(xdx - |=%jf(x)dx
0 0

Hence proved.

2.3  PROPERTIES OF DEFINITE INTEGRALS :
2a

Property -5 : jf(x)dx jf(x)dx+jf(2a X) dx

2a 2a

Property-6:_[f(x)dx=0 if f(Qa—x)=-"1(X) ; jf(x)dx:ij(x)dx if f(2a—x)=1(x)

Ex.6: Evaluate: _[ X 5
o 1+ cos” X
Soln. Let | = Tde ... ()
o 1+ cos® x
= |I= T& dx [using property - 4] (ii)
o 1+ cos?(z — X)
Adding (i) and (ii), we get :
oo
2l = | ————dx
- -!1 +c0s” X

T F  dx 27 ¢ dx
=N I:—j—
251+

cos’ X 2 -c[ 1+ cos’® x Lusing property- 6]
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Divide N" and D" by cos® x to get :

"2 sec? x
= l=x ——
o Sectx+1
Put tan x =t = sec? xdx = dt [sec’ x =1+ tan?x]

For x=x/2, t > and for x=0, t=0

S or 2 o ,1t sz__ﬂz
_ Toxl oI

1 2+1°

2.4

Ex.7:

Soln.

Ex.8:

Soln.

PROPERTIES OF DEFINITE INTEGRALS : (contd...)

b b
Property-7: jf(x)dx:jf(a+b—x)dx

Property - 8 j' f(x)dx=i[f(x)+ f (—x)]dx

Zj"f(x)dx if f(x)iseven ie. f(-x)="f(x)

0 if f(x)isodd ie f(-x)=-"f(x)

nT T
Property-9: _[ f(x)dx=n J' f (x)dx,where f(x) isaperiodic function with period T and n is an integer.
0 0

. b 2 - X =2
Evaluate : J'Iog sin® xdx
71 2+X

Let f(x):log[ili]sinzx = f(—x):log(%)sinz(—x)

-1
2—X .
= f(—X)=IOg(—] sin? x =— Iog( ]sm x=—f(X) = f(x) isanodd function.
2+ X 2+ X

1
J'Iog(z_xjsinzxdx=0.
° 2+ X

1
Determine a positive integer n <5 such that _[e* (x-1)"dx=16 —6e
0

1
Let | = _[e*(x —1)"dx [using integration by parts]
=[(x )" _[e dx] je n(x—1)"""dx

| =0—(-1)"—n je* (x —1)"‘dx
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| =—(-1)"-nl_, 0
1

Also 1, =J‘eX (x-1)°’dx=e-1
0

= L=1-l,=1-(e-1)=2-¢ [using ()]
l,=-1-2I,=-1-2(2-e)=-5+2¢
= 1,=1-3l,=1-3(-5+2e)=16-6e

U

1
= Henceforn=3, je*(x—l)”dx:16—6e
0

42

2.5

Ex.9:

Soln.

PROPERTIES OF DEFINITE INTEGRALS :
Property - 10 :

Tf(x)dx:!iﬂ;}f(x)dx ; jf(x)dx_ lim jf(x)dx

—0

J.f(x)dx_J. f(x)dx+_|.f(x)dx = alirpwjf(x)dx+l!i£goj.f(x)dx

- —

The integral J' f (x) dx converges if both of the above integrals converge.

—0

jb.f(x)dx

a

Property -11:

S_T|f(x)|dx.

Property - 12 : If the function f (x) and g(x) are defined on [a, b] and differentiable at all points

900
e[f(a), g(a)], then %l: _[ h(t) dt] =h[g(x)]g'(x) —h[f ()] f'(x) (Lebnitz rule)

f (x)
b b
Property-13: If f(x)> g(x) for all x & [a, b], then j f(x) dx zjg(x)dx.

Put g(x) = 0for all x [a, b] inabove propertyto get another useful property, i.e.

b
if f(x)=0forall xe[a, b], then _[ f(x)dx>0.

If f(x)= jﬁ dt t > 0, then find f'(x).

Using the property - 12,

1 X2 2x X —x
Loy-2 L 00) = - =T
log (x°) dx Iogx dx 3Iogx 2log x  log x

f/(x) =

-5t+4

Ex.10: Find the points of local minimum and local maximum of the function _[ —dt.

Soln.

et

2 x?
Lety= J-'[ 5t J- t-1 (- 4)dt
0 0 2+¢
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For the points of extremum, g_y =0 [using property - 12]
X

{(x2 ~1) (¢ —4)} (2 =0

2

2+¢e"
= x=0 or x'-5x*+4=0
= x=0 or (Xx-)(x+1)(x-2)(x+2)=0
= Xx=0 , x=zxlandx==%2
With the help of first derivative test, check yourselfthat x = — 2, 0, 2 are points of local minimumand x = -1,
are points of local maximum.

31

3.2

IMPORTANT RESULT

DEFINITE INTEGRAL ASALIMITOFASUM

We can express definite integral as a limit of the sum of a certain number of terms. Let f (x) be a continuous
function inthe interval [a, b]. Divide [ a , b ]interval into n equal parts such that width of each part is h.

= nh=b-a

The definite integral of afunction f (x) inthe interval [a, b] can be defined as:

b
jf(x)dx: lim h[ f(a+h)+ f(a+2h)+---+ f(a+nh)] where nh=b—a

a

=limh)’ f(a+rh) where nh=b-a

n—ow
h—0 r=1

With the help of this formula, we can evaluate some simple definite integrals. The process of finding definite
integrals with the use of above formula is known as definite integral as a limit of a sum or definite integral by first
principle.

SUMMATION OF SERIESWITH HELP OF DEFINITE INTEGRALS

Consider the “limit of a sum”formula defined in the previous sectionii.e.,

b n
jf(x)dx: lim hz f(a+rh) where nh=b-a ()
n—ow =1

Puta=0andb=1 = nh=1 = n=1/n.
Puta=0andb=1and h=1/n in(i)toget:
1 n
[ () dx= tim EZf[ij . i)
0 now N/ n
With the help of formula (i), we can evaluate the sum to infinite terms of certain series.

Working Rule : First of all express the given series in the form

1 > f (Lj and then replace the integral sign _[for > and r by X.
n n n

The lower and upper limit of integration are the values of lim (Lj for the least and the greatest values of r

n—oo n

respectively.
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3.3 ESTIMATION OFADEFINITE INTEGRAL

b
If f(x) isafunction defined inthe integral [a, b] then m(b — a) < _[ f (x)dx <M (b — a),where mis the least

a

and M is the greatest value of the function f (x) inthe interval [a, b].

3.4 MEAN VALUE THEOREM OF DEFINITE INTEGRALS

b
If the function f (x) is continuous in the interval [a, b], then _[ f(x)dx= f(c) (b —a),where a<c<b.

35 TWO USEFUL FORMULAE
1. Ifnbeapositive integer, then :

w2 wl2

T .
........ > when n is even
j sin® xdx = j cos" xdx =
0 0

-------- 1  whennisodd

wl2 ml2
2. _[ sin™ x cos" xdx = _[ sin™ x cos™ x dx
0 0

(m-1)-(m-3)....00r2) (1 -1 -(n - 3)...(Lor 2) =

when both m & n even integer

(m-=-1)-(m-3)....»Lor 2) (n-1)-(n—3).....(.L or 2)

, otherwise

(Walli’s Formula)

b
Ex.11: Evaluate : sz dx using limit of a sum formula.
Soln. Let

b
= | :jx? dx=lim h[(a+h)* +(a+2h)* +---+ (a+nh)’ |
a h—0

n—o

= |=Ilim {nha2 +
h—0

2ah’n(n+1) h’n(n+1) (@n +1)}
2 6

Using nh=b —a,weget:

= |=Iim {az(b—a)+a(b—a)2(1+lj+(b—a)3l(1+lj[2+lﬂ
n— oo n 6 n n

- | =a2(b—a)+a(b—a)2+@(2)
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2, a2
= I=(b—a){a2+ab—a2+w} —

3 .3
Izu[a2+b2+ab]=b a
3 3

Ex.12: Evaluate the followingsum. S = lim ! ! + ! +---+i.
n— o n+1 n+2 n+3 2n

. 1 1 1 1
Soln. = S=Iim + + bt
n>eln+l n+2 n+3 n-+n

.1l n n n .1 1 1 1
= S=Ilim=| —+ ++—|= S=Ilim= + NI
nsen|in+l n+2 2n no=n|l+1/n 14+2/n 1+n/n

R | ¢ 1

Ex.13: Find the sum of the series: lim l+L+ ! +---+i.
noo{n n+1 n+2 6n

Soln. Let S = lim 1+L+L+...+i
n>oln N+l n+2 6n

Take1/ncommonfromtheseriesi.e.,S:Iiml( i + ’ 4ot ! ] _Z

n>on{1+1n 1+2/n 1+5n/n 1+r/n

For the definite integral,

n— oo n—wo N

Lower limit=a = lim [Lj = lim 1=0
n

Upper limit=b = lim (rJ_ lim 5_n=5

n-wo{ N n->«o N

5n
Therefore, S = lim 12 A —J =tni#x 2 n6=rnl=(n6.
n— o “1+(r/n) 9 1+X 0

1
Ex.14: Showthat: 1< J'exzdx <e
0

1
Soln.  Using the result given in section 3.3, m (1 - 0) < [e”dx <M (1-0) . (i)
0

Let f(x)=¢"

= f'(x)=2xe" =0 = x=0

Apply first derivative test to check that there exists a local minimumat x =0.
= f(x) isanincreasing function in the interval [0, 1]

= m=f0)=1and M =f(l)=¢e'=¢e

1
Substituting the values of mand Min (i), we get (1 - 0) < J'exz dx<e(1-0)
0

Z

= 1<|e*dx<e  Henceproved.

O ey

&<

CAREER ENDEAVOLR,
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Ex.15: Find the sum of the following seriesas n — o,

n _,.n ,."m . .+-"
n?+1> n?+2%2 n?+3 7 n% + n?

Soln. Let S=lim n_ . n .. " L.+ }

el 0’ +1% n?+28 n*+F T n’+n’
& n 1< n?
=lim| > — =lim| => =
sl N’ + 12 | now| n in? 4+ r?

- [1g 1
-t S i 2 (1)

For the corresponding definite integral,

Lower limit = lim (Lj = lim 1 =0  (r=1for first term)
n

n—o n—w n

Upper limit = lim (%) i (r = n for the last term)

S=Ilim 1Zn: ] _1[ ! dx=[tan’1x]1=£
=l n &1+ (r/n)? 1+ %° 0 4

0

2 2
Ex.16: Evaluate Ilm{ n n L}

n—oo

Fot
n+17  (n+2) 64n

n’ n’ 1 n? n? n’
Soln. LetS =lim 7+t ——|=1lim + 7ttt ———
-l (N +1)3 (n+2) 64n | x| (n+1)° (n+2) (n+3n)°

1 3n 1
-!le(n +1)° ”%{” Z‘Im}

For the corresponding definite integral,

Upper limit = Iim@ =3
n— o0 n

Lower limit = Iim1 =0

n—-o N

3

3n 3
. lim 12 ! I ! 3dx:—1 L >
ool n & (L+r/n)? o (L+X) 2 (1+x)°,

IR S )
- 2|16 32

Ex.17: Evaluate : Im{ L ! ! 4ot ! }
vor | Jant 1 Nan'—4  ant -9 3n?
Soln. _Ilm{ L 1 1 +...+ 1 }
oo | Jant 1 Jant-a4  Jani- 3n?

CAREER ENDEAVOLR,
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Ex.18:

Soln.

Ex.19:

Soln.

@-0) 1
= lim = lim
n—moZ [4n _r n—>ooZ \/ ( 1_0 2
4— O+r[j
n
b-a
Which is of the form lim Z— f( (—D
n—ow n n
1
Here b=1, a=0and f(x) =
4-x
1 X " ox
So, L= =sin?=| ==,
I N ;

n? n? 1
Evaluate: lim - e
now | (n+1) (n +2) 64n

2 2 3n 2
lim | —" —— =lim )’ n
n>x| (N +1)3 (n+2)* 64n | no==i(n+r)?

3

1

3
m?/9 n T odx -1 15
Put 3n=m,weget, L = lim = = =
J n*wz(m_i_rj Z (1+3'] -([(1+x)3 2(1+x)* |, 32

DEFINITE INTEGRALS DEPENDENT ON PARAMETERS
b

Letgivenintegralis I (c) =_[ f(x,a)dx, a<x<hb

Here,

(i) xis variable of integration

(i) « isa parameter independent of x

(iif) aand b are constants
If this integral can not be solved directly then partially differentiating both sides w.r.t. «

d ¢t o

—=|—(f(x dx

da -!:60:( ( a))
0 . o dl

Now, — f (X, @) iseasilyintegrable — = g(«t)
ox da

I =[g(a)da ; I =h(a)+c
c can be found by initial integral.

1 b _
Evaluate : _[ x -1 , ‘b’ being parameter
0

e

1 b 1 b
Let I(b):jx —1dx:dl(b) X" log, x
log, x db ¢ log, x

0 e

47

dx+0-0 (using modified Leibnitz theorem)
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I(b)=log,(b+1)+c
b=0 = 1(0)=0
c=0 ..I(b)=log,(b+1)

(ax)
Ex.20: Evaluate : —dx ‘a’ being parameter
‘c[xxll x?

Soln. Let I(a)= j

Ex.21:

Soln.

Ex.22:

Soln.

tan " (ax) dx
5 Xv/1—x?
di(a) r
dx =
da J.(1+32X2) x\/l X ‘(!-(1+a N
Put x=sint = dx=costdt
LL:x=0 = t=0

UL.:x=1 = t:z
2

wl2 wl2
dl(a)zj o costdt= [ D
da g 1+a’sin“t cost o, 1+a“sin“t
nl2 2 7l2
= 3¢ zdt —= £ tan’l( 1+a? tant)} |
s 1+ (@+a’)tan’t \1+a2 . 1432 2

= I(a):%loge(a+\/1+a2)+c
But 1(0)=0 = c=0

= I(a)_ log, (a+\/1+?).

If areal valued function fis given by. j%dt = 2./x b, X > 0, where a > 0 and b are real constants, then

f (4) isequal to
@@ 4 (b) 6 (c) 8 (d) 10 [JAM-CA-2010]

j ft?) dt=2x +b

a

Taking derivative on both sides w.r.t. x
f)_ 1
x> X

Hence, correct option is ().

— f(x)=x"%5So, f(4)=4% =8.

Let f(x)= J' e "dt, then f’ ( jequals

sin x

@ \E (b) \f © = (d) - % [JAM-MA-2006]
Applying Leibnitz rule

dv du
d— f f(t)dt=f(v(x)) PVl f(u(x)) o

u(x)
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f(x)= Cojsxe*‘zdt

sin x

f'(x) == (=sinx) — e " *(cos x)

(g )6

Hence, correct option s (b).
1. BETAAND GAMMAFUNCTION
7.1 BETAFUNCTION

1
Beta function is denoted by B (I, m) and defined as B(I, m) = _[ x' 11— x)"*dx, where I, mare positive
0

numbers.
7.1.1 Symmetric property of Beta function B (I, m) = B(m, I)

Proof: B(l, m) =jx"1(1— X)" dx = j(l— x)' HL-(1—x)}" tdx =_[xm’1(1— x)' 'dx = B(m,1).

7.2  GAMMAFUNCTION

Gamma function denoted by I'n = je’*x”’ldx ,h>0.
0
7.2.1 RELATIONBETWEENBETAFUNCTIONAND GAMMAFUNCTION

'lTm
B(I'm):F(I+m)

7.22 PROPERTIES OF GAMMAFUNCTION
@) T'n=(n-1)T(n-1)
If n is positive integer
I'n=(n-1!
(i) ri=1
(i) TO=00
(iv) T'(-n) =0 wherenispositive integer

) r=-Jz

T
2
(Vi) El—lz d , Nis a positive integer.
n n 3
n

sin

7.2.3 TRANSFORMATION OF GAMMAFUNCTION
(] Putx:log(lj
y

1 1 n-1
Fn:j(log—] dy
y

0

(i) Put x=cy

je—cyyn—ldy _ r_?
0 C
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(i) Put x" =y

J'e’y(mdy =T'(n+1)
0

Proof (i): We have

1
Let x = Iog(ij — dx =—§dy = dy=-ydx
y

limitatx,at y -0, x —> o
y—>1 x>0

1 1 n-1 0 N 0 e
jlog(;] dy = [—(x)"" ydx = [ xmtedx =[(n) Proved.
0 0

Similarly do proof (ii) and (iii)
7.24 TRANSFORMATION OF BETAFUNCTION

—1

() B(,m)= —dy
!(1 y)
- oy
Since, B(I, m)=B(m,I).So, B(m, 1) = —mdy
!(1+ y)
Proof : Put x=L limitof X, y—>0,x—>1
+y y —>0,X—>0
(L+y)*
K y/i1 0(1_)(}[1 2, (+m
B, m)=|-——g=dy=||—| @+y)"x""(=dx)
(I, m) -([(1+y)‘ -!. X
1 =1\, l+m=(+1 1
_ (1 X) X _ m-1 -1
_-!‘de_‘([x (L-x) dx =B(m,?)

(i) Put x=sin’@

B r(p+1jr[q+1j
. 2 2

p q —
-([ sin” 0 cos’ 06 = 21“( p+q+ 2] (generalized Walli’s Formula)

2
p,g>-1
wl2 ml2
Ex.23: | = x | +/sin x dx
J‘\/sinx '[
ml2
Soln. | = sinxdx= | sin™2xcos® xdxx | sin¥?x cos® x dx
I — IV I J

W W L,

Ml—‘l

IS \
.|>
N

50
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Ex.24:

Soln.

Ex.25:

Soln.

Ex.26:

Soln.

j‘ x2dx Xj- dx
: (1_ X4)1/2 : (1+ X4)1/2

1 1
x2dx
| = X =1, xI,
_([(1 X )1/2 'c[(l+ X )1/2
X2

1
= [———dx
_(!]‘(1_)(4)1/2
Letusput x* =sin @ ; 2xdx=cos#d6o

2 [.: wl2 1
So, 'F%J. Sn@cos@de_—_[\/sm do and | —J' dx4 %
0

[
cos@ o (1+x7)
Let x* =tan ¢ ; 2xdx =sec ¢pd¢

7r/4 sec ¢d¢ 1 nl4

— = 1 -~ -1/2
o 1,=3 [ b= "o | e

7r/2 w2

So, I =1,1,= _[Jsm 0 do x I(S|na)’1’2da——

w2

f a2’
1
_(!)‘(1 X )1/n
Zj_x
0(1_Xn)1/n
Let x"=sin’@
) 2
1€ x=sin"0
2
|
dx:gsin[n jecosede
n
e [ . FF 1
So, I:g"-s,m 6 cos 0do ZJ'smT 0d0— n 2 ﬁ n
noy cos 6 1 1 n
n 2

j’- dx

2 (x—a) (b—x)

Let x=acos’ @ + bsin’6

dx=2acos@sin6de +2bsindcos0df =2(b—a)sinb cosdo

x—a=acos’0+bsin6—a=(b—a)sin’o

b—x=b-acos’d—bsin’6=(b—a)cos’0
w2

rl2 -
So, | = J- 2(b—a)5|n0c050:2Id0:ﬂ_
0

o (b—a)sinfdcoso

Put 2¢ =«

51
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l2 ) x—1
Ex.27: Show, by means of a suitable substitution, that _[ sin” 10 cos” 1 0.dg =+ IW dt, x, y >0.
1 1/2
Soln. Letsin@ = , then C0s 0 =
Vi+12 Vi+1z
cos 0do = —% 1+ 2)¥*dz
w2 0 y—l 1 0 y,l 1
= .[ sin"*6 cos™ "0 do :_EJ. vz’ T - 312 __J‘—H == B(y, x)
0 2 1+z)X L+z)" @+2) 29 @+z)? 2

Since, B(x, y) =B (Y, X)

o0 yfl
So, 1=2[—2 _dz
25 @+z)
8. DIFFERENTIATION OF DEFINITE INTEGRAL :
Leibnitz Rule : If the functions ¢(x) and y(x) are defined on [a, b] and differentiable at a point x < (a,b)

and f (x,t) iscontinuous. Then

_ d [ve _w(x)af d d
0 &2, F(x,1) dt] = ¢(fx) o O dt+ 2 {y OO Ty (x)) — 22H400}- 1(x, 4(x))

If f isa function of t only, then

[w(x)
M < f(t)dt]=i{w(x)}-f(w(x))—i{qs(x)}-f(as(x))
X[ 400 dx dx

X 2
(J. e‘zdt]
Ex.29: Evaluate lim-~>——+

o J'ez‘zdt
0

X 2
(j e‘zdt]
Soln. lim~2% 2 (f formj
o0

X—>0 jezfzdt
0
( e dt] 2J'e‘2dt
(Applying L" Hospital rule), — |jm .0 i = lim—2—
X—>0 ezx X—>00 ex
. . . 2e"
(Again L’ Hospital rule),= lim —=0.
X0 9.

Ex30: If {1 (00} = [(f(@©)"-

0

( f (t))lOO

dt then find f(x)

1
1+sin x

100

Soln.  (f(x))"™ = dt, differentiate w.r.t. x, gives 101( f (x))"" - f'(x) = (f(x))" -

l1+sint

O ey <
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Ex.31:

Soln.

Ex.32:

Soln.

Ex.33:

Soln.

= (f(x))“’{lou } 0, either (f (x))” =0 = f(x)=0 or101 f'(x)- L o
X 1+sinx
1 1 |1-sinx 1
Fr)=— = f(X)=— £10x) = —=[ sec? x — sec x - t
= M= otarsing = W 101{ coszx}:) ()= gy 26 X - see xtanx]
1
f(x)=—|t -
= f(x) 101[anx secx]+c
Since, f(0)=0
= O—i[O 1]+c = c=—
101 101
f(x)— [tanx secx +1]
Thesumof B(m+1,n)and B(m, n+1) is
(@ B(m,n) ) B(m+14,n+1) (c) B(2m+1,2n+1) (d) 2B(m,n) [B.H.U.-2014]
1 1
B(m+1,n)+B(m,n+1) = jxm*l’l(l— x)"'dx +Ixm’1(1— x)"*dx
0 0
1 1
:jxm(l—x)”’1+xm’l(l—x)"dx =J.xm’1(1—x)1’”(x+1—x)dx
0 0
1
—[x™(1— Xlndx_ (m)(n)
! (L= = B(mn) =T )
The value of I Gj is
3 15
@ 15;/; ®) i © Tﬂ @ ?’T [B.H.U.-2014]
[(n) = (n-1)l(n-1)
7 7 7 5((5Y 5 3|3 5 3 1 15
Sl i1l Lq2d 2 22«22 =242
= @ (2 Mz J 2‘(2) 2X2@ 7 3l2) 5
Ifafunction f :[0,1] » R isdefined by f (x) =2rx, when —1< X <= and r isapositive integer, then
r+ r
1
[feoaxis [B.H.U.-2015]
0
T 772 T 72'2
(a) () — © 3 (d) 3

w Ur w Ur 2.1 r T’
J'f(x)dx z J' f(x)dx = _[ 2rxdx —Zl’(rz (r+1)° j Z__(1+r)2 ry

r=11/r+1 r=11/ra1 r=1 Py § 6
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Ex.34: Letf be a continuously differentiable function defined on an interval [a,b] suchthat f (a) = f (b) =0 and

b b
[ £2(x)dx =1. Then the value of [xf (x)f'(x)dx is [CUCET-2016]

1 1
@ -5 ®) 0 © 5 @1

Soln. _:[xf () f(x)dx :%X)Z

1 b
- j f2(x)dx (Using by part)

a

_b(f) -a(f(@) 1_ 1

2 2 2
Ex.35: The value of F(%)F[éjr(g)r (g) is [ISM-2017]
(@) 16n*/3 (b) 87°/9 (c) 32xn°/27 (d) 4n*/3
Soln.  We have [(1-n)|(n) = .l

G- \@=ﬂ@\@—gﬂﬂ@)\@—sﬂﬂ@\@—s)Jﬂ@\@—sJJ

4
T n n n nt 3 T

X = =
sin™ sinZ—Tt S|n3—TE smdit sin ™. smz—TE sm?’—TE smdic \E sin - smz—n s|n4—n
9 9 9 9 2 9 9 9

&

4sin0-sin20-sin40 =—-sin 0 +sin30+sin50—sin 70 = —— (Byusmg complex number Euler formula)

oo A(ChA

Sin0-sin20-sin40 =—

. [

Ex.36: The value of integral J‘e’xz cos axdX is [ISM-2017]
0

71012 1 o? 1 o?

@ e ) e ¢ © Fre @ Ly

iox —iox

T e e +e
Soln. J'e cosocxdx_J'e de

2 2 2 2

= _J. (e‘X Hox o —x _a'x)dX _ _J' ef[x + aX——+T] N e—[x2+ai xf%mjjdx
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S5

:%e“z"‘Te{XI;] +ef(x+(lI == “’4[je dx+e(

de}

_ 1 an [ - dt [ -4t _1 gl S 4t - 4t
=>e _[ e tdt+ J' e =>e J' e dt+ J' e

—ial/2 io/2

\/;e—(sz
2

= le’“z"‘ % 2_[e"2dt =
2 0

o | §

Note: J.eft dt = (Expainin next chapter)
0

10
Ex.37: The value of the integral j(x—[x])dx is
0

(@) 2 (b) 3 (c) 4

Soln. 1Jg(x —[x])dx :]g{x}dx :ljo{x}dx = 10j'{x}dx = 10_1[ xdx =5

n/2
Ex.38: The integral [ min(sin x,cosx)dx equals
0

@ 2-2 (b 2-2 © 242
sinx, 0<x< R
Soln. . min(sinx,cosx) = :
T T
COSX, —<X<—
4 2
/2 /4 /2 1
_[ min(sin x,cos x)dx = _[ sin xdx + _[ cosxdx =1-——=+1-
/4 \/E
Ex.39: The value of the limit
J' cos? mtdt
Iimzi’z— is
x—>1 @ 2
—el X +=
o)
@ 0 (0) = 05
e 2e
_[cosz ntdt
I|m 1/2

Soln. ik g% ( ) _’]_j
2 —e| X" +—
2 4

io/2

[HCU-2012]
d) 5
[JAM(CA)-2007]
d) 2+42 y
1
N 2
[JAM(MS)-2014]
T[Z
(d) "8
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Ex.40:

Soln.

Ex.41:

Soln.

By L' Hospital rule

. cos’ X
again by L’ Hospital rule
. —msin2nx . —2mfcos2mx  2m  m
=||m T:“m —22—2—
><—>% 2e” —2e M% 4e** de 2e
The length of the curve y=+/4—x* from x = _J2 to x=+/2 is equal to
[JAM(MS)-2015]
We have,

—X
y=v4-x* = dy= =

4—x

\/5 dy 2 \/E X2
Length= I 1+[—j dx = J 1+ Sax
5 dx 5 4-—x

3 4 < 1 X
=2(. dx =4 dx:4sin1(—J
'C‘J‘ 4—X2 'C‘J‘ \/4_)(2 2

Let f :[0,0) —[0,0) be atwice differentiable and increasing function with f (0) = 0. Suppose that, for

5

2
=4x£=n
o 4

any t >0, the length of the arc of the curve y = f(x), x>0 between x=0 and x =t is %[(1+t)3’2—1].

Then f(4) isequal to [JAM(MS)-2013]

13 14 6
@ 5 ) > 05 @ 5

‘ dy) . 2
Length = _[ 1+ (d—i] dx = 5[(1+ "2 -1] (Given)
0
Differentiating w.r.t. t we get,

1+(ra»2=§xga+0”
= 1+(f'())’ =1+t = (f'M)P=t= f'() =1 = f(t)=§x3’2+c (f'(t) >0 Given)
f(0)=0=>c=0
fU):%xm

fM):%?
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MISCELLANEOUS

Ex.1: Which Integral is greater ?

Soln.

Ex.2:

Soln.

Ex.3:

Soln.

/2 /2
I, = j sinxdx, I, = j sin® x dx,
0

. R T
. sin® x>sin® x Vx e [O,—j

N

/2 /2
= j sin® x dx > j sin® x dx

Hen?:e >0
If f(n)=2 andj x)+ f"(x))sin xdx =5. Then the value of f (0) is
@ 3 (b) 2 © 0 (d) 6
Given,

f(m)=2
(f (x)+ f”(x))sinx-dx=5

— f()smxdx+jf” smxdx 5

O3 Oty

:[f(x)(—cosx)]g+j£f( )cosxdx+_[f )-sinxdx="5
L I |

= f(n)+f(0)+ smx] If” smxdx+_[f” X)sinx dx =5
= f(n)+f(0)=5 (i)

f(n)=2

= from (*), we get

=2+ f(0)=5

=|f(0)=3

Let g(x) is the inverse of f (x) and f (x) has domain x €[1,5], where f (1)=2 and f(5) = 10. Thenthe

)
)
5
value of _[ dx + _[ g(y dy is
1

(@) 48 (b) 50 (© 7 (d) 20
Given,

g (x) isthe inverse of f (X)

= f*(x)=g(x) and g7 (x) = f ()

~ f(1)=2and f(5)=10
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Ex.4:

=g(2)=1and g(10)=5

5

y If(x)dx+1fg(y)dy (i)

1

Consider,
TQ(Y)dy (- wheny=2t=1,
y=10,t=5)

Let g(y)=t (g7 (x)=f(x))
y=9"(t)
y="1()
dy = f'(t)dt

j.t- f(t)dt

1 (I
~[t f(t)]f—if(t)dt
zsf(s)_f(l)-jf(x)dx (- _Tf(t)dt=_tif(x)dx)

=48—If(x)dx

From (1), we get

5 10
_[ f (x) dx+_[ g(y)dy
1 2
5 5
:J' i (x)dx+48—j f(x)dx=48
1 1
Correctoptionis(a)

12
The value of integral _[ [\& } dx where [] denotes the greatest Integer function
0

(@) 24 (b) 22 @% (d) 10

58
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Soln.

Ex.5:

Soln.

f[\/;]dx,

Let x=1=x=12
So, we can break the Integral

1 > > > >

0 1 4 9 12

12 1 4 9 12
; J'[\/;] dx:dex +I1dx +'[2 dx+j3 dx
0 0 1 4 9

=3+10+9=22
Hence, correct option is (b)

3 2
_ X o x°+1
The value of Integral j{tan 1[ 5 j+tan 1( ]dx} is
° X +1 X

T
@ 0 ®) 5 © = () 2n
3 2
Let | :j{tanl[ - J+tanl(x—+1}dx
° X +1 X
1 1 3
1 3 1
2
I:J‘{tanl( - j+tan1(x—+1}dx +_|' tanl( 5 j+tanl X dx
) X* + X ’ X + X+
, 1
|:0+J' tanl[ 2X j+tan1 2 dx
1 X“+1 X7 1
1

4(1 cot™a a>0
cotanT = | =
a -m+cot™(a) ,a<0

from (i), we get

2 4 X L4 X
I:_[ tan > +cot > dx
1 X~ +1 X~ +1
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Ex.6:

Soln.

Ex.7:

Soln.

=J.£dx ( tanx+cot X =2 yy e R)
) 2 2

=T
Correctoptionis(c)

2

odt
LetG(X)=_|.
2

1+

(x>0). Then the value of G'(9) is

=

9 2
@ ¢ ® ¢ ©) 0 @ 3
Given

2

1
G(x)= dt, x>0
() £1+\/f

By Leibnitz Rule, we get

G’(x): 1 .2x-0

1+\/x72
2X
l+\/X7
18 9
G'(9)=—===
(®) 10 5
Correctoptionis (b)

G'(x)=

[y g 1
Letf(x):je ' (Y)dy—(XZ—XJfl)ex . Then the value of f(EJ is
0

1
@ 0 (b) 3 ©5 (d) 7

Given

f (x):_:[exyf’(y)dy—(x2 —x+1)-eX

f (x):eX_Iey- f’(y)dy—ex(x2 —x+1)

Multiply both sides e, we get

X

e - f(x) :J‘e’y - f ’(y)dy—(x2 - x+1)
0
Differentiate both sides, we get

=e “f'(x)+f (x)(—e’x):e’X £'(x)—(2x-1)

= f(x)=e"-(2x-1)
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13-
2
Correctoptionis(c)

se02 X

[ f(t)at

Ex.8: lim—2——— equals

2. (1
@ ~1(2) ) =1(2) O3] @@

T

Soln.  lim—2

By L Hopital’s Rule, we get

d se02 X

f(t)dt
2X

f (sec2 x)-Zsecx-secx-tan x—0

X 2X

_f(2)24242 _8¢(2)

b
2x— n

Correctoptionis(a)

/4
Ex.9: Let | :g 1 dx thenthe value of 271 is
n,4(l+es'”x)(2—c052x)

@3 ® ©4 @ 20
nl4

soln. IZ_J. (1+es'”x) 2— cost)dX

| —gnjf L + 1 ax
X (1+e5‘”x)(2—0032x) (1+e’5‘”)(2—0032x)




Integral Calculus

14 in x
2" 1+¢€°
== dx

To (1+ ESi”X)(Z—cos 2X)

form (*), we get

n/4
| :g ;dx

Ty 1-tan® x
g| A X

1+tan“ x

= 2™ sec? x
m g 3tan®x+1

lett=tanx, whenx=—,t=1

|
4
dt =sec? x x=0,t=0

21t 1
|:;-([ dt

3t? +1
1
Z%I%dt
0(\/§t) +(1)

2
3V3
NP ALY
27

Correctoptionis(c)

n/2
Ex.10: The viaue ofintegral | _ Sose

5d6 is
0 (x/cose+\/ﬂ)

L o L 2
@ 2 ®) 3 © 3
/2 ~
Soln. Let 3 cose- do
0 (\/cose +\/sme)

3
@

62

CAREER ENDEAVOLR,
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" Tf(x)dx:z f(x)+ f (2a—x)dx

il 3./cosO

34/sin® 4o

|| (Voo + o] " (Voo Voo

|—3n/4 \/COSO ++/sin B 46

0 | (Veos6 +sin6)

| =3T L do
0 (\/cose +M)

4
Divide in Numerator and Denominator by (\/cose) , We get

/4 2
sec” 0
| =3J' —4de

0 (1+m)

Lett=+tan®,wheno==,t=1

r
4
t2=tan0 0=0,.t=0
2t dt =sec?0do

1
=3 2ot
o (1+1)

1ot
| =6[——dt
o (1+1)

| —6‘1['[+1_1dt
0(1+t)4

1
0

1+t)* (2+t)’

1_1dt

! :6‘([_(1+t)3 1+t |

1
1 1 1 1
—2(1+1) (1+1) 6

Correctoptionis(a)

63
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X
Ex.11: Let f (X) =sin X+J‘ f’(t){ZSInt —sinzt} dt . Then the value of f (gj is
0

1
@ 2 () 1 © 3 @ 3

Soln. f(x)= 5|nx+_[ {Zsmt sin t}dt )
0

X
. f(x)=sin x+_[ f’(t)-{Zsint—sinzt}dt
0
By Leibnitz rule, we get
f'(x)=cosx+ f’(x)(zsin X —sin? x)

£/(x)= COS X

1—2sin x+sin’ x
£1(x) = COSX :
(sinx-1)
Integrating both sides, we get
__[ COS X
smx 1
Let y=sinx-1
dy = cos x dx

f(X)z_sin x—l+C (")
from (1), put x =0, we get
. £(0)=0
From (*)
-~ f(0)=0
" 0=1+C>
1

. f(x):—m—l

Correctoptionis (b)
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1
Ex.12: Let | = J.w dx and J J‘&\/Sf dx .Then, which one of the folllowing is True ?
X
0

2 2
(a) |>§and3>2 (b) I<§andJ<2

(©) I<§andJ>2 (d) I>§and\]<2

Soln. Given,
Lsin x
=|——d
[ ™
Xe(O,l)

We know that,
sinx<xVvx>0

TT

.. We know that,
cosx<1vxe(0,1)

cosx<i
KW

Integrating, we get

jcosx ‘l[
0 0

T
J<2xl’2‘l
0
J<2
2
'<§ and J <2

Correctoptionis (b)
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7
1
Ex.13: Provethat,0 < I—de <=
0 (1+ x8) 8

Soln. .. xe(0,1)

;
0<—2 <X vxe(0,1)
(1+x8)

Integrating, we get

_“de<_“ﬁdx< x' dx
1+ X8

O<J.de<1

Ex.14: Let f(x) isdifferentiable function satisfying f ( je sin(x—t)dt and g(x) = f"(x)— f(x). Then

the range of g(x) is
@ [V2v2] (@) (3.3 © (0,+) @ R

Soln. Given,

:jet-sin(x—t)dt

f (x):Te(x’t)-sin(x—(x—t))dt (jl f (x)dx=jl f (a+b—x)dx]

X
f(x) :ex_[e’t -sint dt
By Leibnizrule, we get

X
f'(x)=e-e*sin x+ex_[e’t sint dt
0

X
f'(x)=sin x+ex_[e’t sint dt
0
Again differentiate both sides, we get

X
f”(x)=cosx+e*-esin x+ex_[e’t sint dt
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Ex.15:

Soln.

Ex.16.

Soln.

f"(x) =cosx+sinx+ f (x)
~g(x)=f"(x)-f(x)
=cosx+sinx+ f (x)— f (x)
g(x)=cosx+sinx

hence, range of g (x) is [—ﬁ\/ﬂ

Correctoptionis(a)

67

Let f(x) be a differentiable function with f (0)=0and f'(x)+ f (x)<1Vx greater than (or ) equal to 0.

Then values not in range of f (x) is/are

@ 1 (b) 2 © 3
We know that

_[e )dx X +c

L (x )+f( )<1

multiply both sides by e*, we get

=e*(f'(x)+ f(x))<e
= jex ( f'(x)+ f (x))dt < ;[exdt

0

So, range of (1— e ) is (—o0,1)

f (t)< range offunction(l— e’t) is (—o0,1)
= f(t)<1

Option (a), (b), (c) and (d) are correct

1 )
The sum of the serleSZ[%1 T 2)
+

2

® 375 ®) = © 375
— 1 1
2;(3n+1_3n+2j

If you observe that,

(d) 4




Integral Calculus

1
:J'X3n+ldx
0

1
o]
1+ X+ %> 2 2
o (1rxx’) (welf o2
2 2
1
X+1
1] L%
| tan
V3 V3
2 2 )],
_2 tan~t (i] —tan? [iJ
3 3 3
_i[E_EJ_L
313 6) 33

68
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Ex.17:

Soln.

Ex.18:

o8 k+1
dx
& _I ” Then
49
(@ 1>log, 99 (b) 1 <log, 99 € I<— =0
og k+1
| = J‘ k+1 dx
a3 x(x+1)
e(k,k+1)
x<k+1 x>k
k+1
1<— 1+x>1+k
X
1 (k+1) 1 (1+k)
(1+x) < X(x+1) +(2) X g x.(1+x)
From (1) and (2), we get
k+1 (k+1) k+1
_[—dx< J. ( +1) dx J.ldx
. (1+x) . x(x+1) . X

log(k +2)—log(k +1) < (thl) (k+1)

. X-(x+1)

<log(k+1)—logk

98 k+l1 98
Zlog k+2)—log(k+1) <Zj (k+1) dx<2|og(k+1)—|ogk
k=1 k=1 X k=1

= (log3-1log2)+(log4—1log3)+...+(log100—-log99) <

(d) l>—

(1)

49
50

69

<(log2-logl)+(log3—log2)+...+(log99—log 98)

log100—-1log2 <1 <log99-logl
log50 < I <log99

391<1 <log, 99
Correctoption s (b) and (d)

« 2006
I (£ (x)™ :j% dt. Thenf(X) is
0 +

@ S007. J_ (%] ® %mtl(%]

L.tan’l L L.tan’l
© 372 33 @ 2006

=)
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(f (t))2006
242

soln, (F(x))" = "

o'—.x

put x =0, we get
. £(0)=0
from (1), we get

(2007)(f (x))"" - f'(x)=
(1 (0™ {2007 /(-
(f (X))ZOOG -0

= f(x)=0

Hence, correct option is (a)

()

f ( X)ZOOG

2+ X2

1
=0
2+x2}

1
2+X
Integerating, we get

2007-f(x)=%tan (T]
=0=[c=0]

2007 f (X) =%tan‘1 (%)

f(x)= 20071'\/5 “tan (%)

2007. f(x) =

2

70
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71

100
Evaluate _[ {x}dx , where {x} denotes the frac-
0

tion part of x.
Let f : R — R bedefined as
tan t
—_ t#0
ft)=< t
1 D t=0

Then find the value of lim— [ £ (t)t.
x—=>0 ¥ 2

Find the intervalinwhich f ()= [ (' =1)
-1
(2 —t)dt, x > -1, isincresing.
3
If £ (t) = [sin (x + t*) dx, find £/(t) .
2
Pt :
If f(x)=e® and g(x)=|——-dt, then find
(x)=e 909 = [

2

the value of f'(2).

2

If f(x)= J. x?sin tdt, thenfind f'(x).
Find the valxue of the function

f(X)=1+x+ _X[((fn t)’ +2 (n t)dt where

f'(x) vanishes."

1. 50 2. -1
2

6.() 7. 145
e

11. (a) 12. (@)

10.

11.

12.

3.

8.

EXERCISE-1

h =——,n=12,3,...
I o) =l0 ¢ WX
1 otherwise
2
then the value of _[ f (x) dx
0
(@)1 (b) 0 (c) 2 (d)

Let f :R — R be afunction with continuous de-
rivative such that f (\/5 ) —2and

X+t

1 ,
f(x):ltmz—txj'tsf (s)dsforall xeR. Then

f (3) equals

(@) V3 (b) 3v2 (€) 33 (@9
Avrea lying in the first quadrant and bounded by the
curve y =x*and y =4x is

(a) 2 (b) 3 (c) 4
The area of the region bounded by

(d) 5

y=|x-1and y=11is
[NT-JEE-1994]

(a) 1 (b) 2 (c)
12 (d) None of these

Let A(t) denote the area bounded by the curve
y=e™, the x-axis and the straight lines

x=-tand x=t.Then tIim A(t) isequal to

@) 2 (b) 1 ©12 (d)o

ANSWER KEY

[0, 2] 4.()

®)

5. (2/17)

© 9. 10. (0)
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EXERCISE-2

PART-A (Multiple Choice Questions (MCQ))

1.

Area of the region bounded by curve
y*(4 - x) = x* and its asymptote

@ 37  (b)12z ©2M(®%ﬂ

1
The value of jx“ (1- x)%dx is
0

1 1 1
@ 555 ® 150 © 350 @Dy
Find the area of the segment cut off from the pa-

rabola y®=2x by the straight line y=4x-1
above x-axis is

7 o2
@ 36 ®) 24

S d N fth
() 2 (d) one of these

Length of the arc of the curve x* =4y measured
from the vertex to one extremity of the latus rectum

@ 2[V2+log(1++2)]
) {ﬁ—m@+ﬁﬂ
© [V2+log(1+2)]
@[ﬁém@ﬂ@]

The area enclosed by the curve

y® =x%and x* = y® is rotated about x-axis then
volume of solid generated is

3z Vs
@ - (b) 7

5z 197
© 2 @ g

Area in the positive quadrant enclosed between the
fourcurves y =x*; 4y =x*; x=y%;4x=y%is

1 1 1
@1 O ©, ©F

7.

10.

(KT

12.

13.

The region enclosed by the curve
y =sin xand y = cos X and the x-axis between

x=0and x =% is revolved about x-axis then vol-

ume of solid thus obtained

(7 -2) n(m-2)
@ > ®) —
w(r-2) (m-2)
© —F @~
Whole area of the curve x* = y* (2 - y) is
3
@5 O ©5 O

Avrea of the region enclosed by
(y-1D*=xand(y-2)°=xis

N 1 ot
@ 7 OF O O
Let f:[-1,1] > R be continuous differentiable

functionsatisfying f (x — y) = f (x)— f(y)

vXepLdej FQUMzXhMe{Q%}

sin?x

Then 2 f '(\/E )equals

1 1
@ 0 (b) 1 © 3 ©@ -3
Area bounded by the curve y = x* — 2x? and
y=2x"1Is
112 56
@ = ®) 15
112 56
© -7 @ 15

Area bounded by the curve x = 3y — y?and
X+y=31is

4 4 2 2
@ -3 O3 © 3 @3
f(0)=f'(0)=0 and f"(0)=tan’x, then
f(x) is

@ Ioglsecx|—%x2 (b) Ioglcosx|+%x2

() Iog|secx|+%x2 (d) None of these
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14.

15.

16.

17.

-~

If jtz(f(t))dtz(l—sin x), then f(%) is

@5 O ORE

Let f:[0,00) —>[0,0) be a twice differentiable
and increasing function with f (0) =0, suppose
that for any | >0, the length of the arc of the
curve y = f(x),x>0 between x=0 and x =1

©3

. 2
is Z| 1+1¥? =11, then f(4) equal to
S @+ -1] (4) eq

u 1 v 18
@ 5 07 O3 O3
Find the area of the region bounded by curves
_ 2 -
y=x"and y 1ol
T 2 2
a ———= b) t+=
@ 273 (b) =
2 n 2
_£ d) —=+=
© -3 @+
Lim L + L +rres h ! = =
e | Jon? 41 20 +2 2n°+n
1
@ 1 (b) 0 (© NG (d)

PART-B (Multiple Select Questions (MSQ))

1.

Let area of the smaller portion and larger portion
enclosed by the curve x? + y® = 4x

:y? =2x; y >0 denoted by Sand L respectively
then

16

@ L-s=2 (b) L—S =27

16

© L+s=2 @ L+S=27

X
1+ X

o 8 _ 6 0
Letl:j%dx and J =j
+ X

0 0
which of the following is true.
(@ I isconvergentandl=0

dx then

6

. T
b) Jisconvergentand convergesto —
(b) g g 33

T
242

(d) I isconvergentand converges to Jr

(c) Jisconvergentand convergesto

3.

Which of the following is TRUE ?

1
1

a 51— x%)dx =
@ !X( x”)"dx 105

r 1
b 51— x%)dx =
©) ] @-xy oo

: 327
C X (8 — x*)dx ===

2 167
d [x@-x})"dx=—"r

I f(t)dt = xj f (t)dt

0 X
(@ If f(0)=0, then function is even
(b) f(-1) does not exist

(© If f(0)=1, then f(2):%

(d) If f(0)=1, then f(11)=i

Let f:[a,b]—>R" be a continuous function
bounded by k such that

L = Length of curve betweenaand b

A = Area bounded by curve, x-axis and

x=aand x=Db
S =Area of surface generated by revolving the curve

about x-axisbetween x =aand x=b
Then which of the following is true ?

@ 2z A<2mkL (b) 27kL<S

(0 S<2zA (d) S<2zkL
Which of the following is TRUE ?
(@ Let f be continuously differentiable function

such that I f(t)dt ="V x & (0, ») then
0

f(r)=-1
(b) Let f be continuously differentiable function

such that j f(t)dt =™ V x € (0, 0) then f () =1
0

() f:(0, ) be differentiable function such that
f'(x*)=1-x*V x>0and f (1) = K ;value of K

suchthat f(4) = —g, then K =0.
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(d) f:(0, ) be differentiable function such that
f'(x*)=1-x*V x>0and f (1) = K;value of K

47
suchthat f (4) = 5 then K =1.

7. Iff(x)=§—j,f2(x)=f(f(x)),f3(x)=f(f(f)),

g(X) _ f1998(x) , then J. g(X)dX
@ 0 (b)1 ©-1 @de
8. J'\/x ~1{sin"*(log x) +cos*(log x)} dx if

i

@ g(x—l)” (b)0

(c) does not exist (d) None of these

9. J‘%dx = fog(x) +c¢
21X — X

(@ f(x)=sin"'x and g(x)=E

(b) f(x)=tan*x and @1(><)=X%aa

() fogisl-1 = gisl-L;ae R—{0}
(d) fogisonto = fis onto

PART-C (Numerical Answer Type (NAT))

1 2 1
X“dx dx
1. Let I, = S =442 then
' ‘[Jl—x“ ? ‘c[ 1-x*
I, « 1, equals

2. Area of the region bounded by the curve

xy’ =4(2 —x) and the y-axis is 47K what is
K

3. Area bounded by the curve y = (x —1)°, x-axis
and the co-ordinates x = —1and x = 2

4.  Areabounded by the parabola y = 4x* and the
lined4x-y+3=0 .

5. Let f:R—R be a continuous function if

[ ()t :%sin x forwhatvalue of K, f'(27)
0
is—1

f)= [ etdt.

COSX

6. Let Then f'(0)

equals

ANSWER KEY

PART-A (Multiple Choice Questions (MCQ))
1. (b) 2. (@ 3. (b 4. (¢ 5 (c)
6. (c) 7. (c) 8. (d) 9. (¢) 10. (d)
11. (a) 12. (b) 13. (d) 14. (c) 15. (d)
16. (c) 17. (c)

PART-B (Multiple Select Questions (MSQ))
1. (a,d) 2. (a,b) 3. (b,d) 4. (a,b,c) 5. (a,d)
6. (a,c) 7. (c) 8. (ac) 9. (ac,d)

PART-C (Numerical Answer Type (NAT))
1. (3.14) 2. () 3. (4.25) 4. (55) 5. (1)
6. (1




Definite Integral & its Application 75

EXERCISE-3

PART-A (Multiple Choice Questions (MCQ 145
1.  The solution f f th ti 2 2
¢ solution for x oTthe equation 7. The value of _[ —4X +21 Iog(1+x_ljdx is
J‘X dt T . T X —x+1 X
—=—s
-1 2 i -
@ log,2 (b) - log, 2
J3 8 2
@ = ®) > .
(©) —§|0992 (d) none of these
© 22 (d) none of these _ _ _
) 8. The numbers of possible continuous f(x) defined
2. Let £(0)=0 and | f'(20e"®dt=5 Tpen the _ _ !
) 0 in [0, 1] for which 1, =j f(x)dx =1,
value of f(4) is 5
(@ log2 (b) log 7 .
1
(©) log 11 ) o e 1, = [ xf ()dx=a, 1y =[X*f (x)dx=a’ is /are
¢ odx o ) ’ 0
3. |If Im=g, then x is equal to @ 1 (b) (€)2 (do
log2 -
@ 4 (b)In8 0. Ilzjfln(sinx)dx, I2=J':74In(sinx+cosx)dx.
(© In4 (d) none of these Then
0 dx @ 1 =2l () I, =21
l. = 1 2 2 1
4 Ik I[Jo (5+2x—-2x?)(1+e**) ale
© 1,=4l, (d) 1, =41,
I, = 101 dx then 1L is 10, If | J-nlz cos’ X w2 sin® X
2 - = =
_iog O+ 2X = 2X 2 Yodo 1qcostx 0 F Jo 14sin?x
2 a2
1 1 W /2. 14+2C0S" XSin Xd
@ 2 (b)E @1 (@ = : IO 4+ 2c0s® xsin® x X: then
5 If f(y)=¢',g(y)=y, y>0, and @ hL=l>1 ®) 15>1, =1, ©)
. L=1,=1, (d) none of these
F(t)= ft-y)g(y)dt, then
2 sin x—cos X 2n
(t) 1+1) (t) 1+sin xcos X
© F()=te" (d) F(t)=1-e"(1+1) z L (1
6. The value of the definite integral I3:Ig sin” xdx, I4:Io In(;—l}dx. Then
\/@ @ Il,=1,=1,=0,1=0
cos(e* )2xeX dx i
{ (7 J2xe” dx is ) I,=1,=1,=0,1, %0
@ 1 (b) 1+ (sin2) © lL=1,=1,=01,20
() 1-(sin) (d) (sin1)-1 (d IL,=L=1,=01,%0
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12.

13.

14.

15.

16.

17.

18.

If f(x) and g(x) are continuous functions, then

J.lnlm f(x*148)[f(x) - f(-x)] d

5 X is
o g(x 1 4)[9(x) +9(=x)]
(@ dependenton )
(b) a non-zero constant
(c) zero
(d) none of these
j de is equal to
- 14 ¢0s® X
@ = (b) n°
(© 0 (d) none of these
3n/4 nl4 /2
If j g /46 _dX =k j sec xdx ,
. +e")(sinx+cosx) Y,
then the value of k is
N O S
@ 3 ()ﬁ (0)2\5 ()ﬁ
0
_[ {cot1 (#j +cot™ (cos X —lﬂ dx
s 2cosx—1 2
is equal to
n° n° n° 3n?
@5 OF  ©5 @F
¢ T 1 .
- I dx is equal to
!(1+n2x2 1+ xzj o0 1R
@ —5nm ®)0
() gan (d) none of these

The equation of the curve is y= f(x). The
tangents at [1, f(D],[2, f(2)], and [3, f(3)]

make angles %g and %, respectively, with the

positive direction of x-axis. Then the value of

[ 00t (xdx+ [ £7(xpdx is equal to

@ -1/:3 (b) 1/+3
(c 0 (d) none of these

If f(x)=2 and jo"(f(x)+f”(x))sin xdx =5,

then f(0) is equal to (it is given that f(x) is
continuous in [0, =])
@ 7 (b) 3

© 5 (d) 1

19.

20.

21.

22.

23.

24,

If J'lzexzdx=a, then je JInx dx is equal to

(8 2e*-2e-a (b) 2e*-e-a
(c) 2e*-e-2a d) e*-e-a
Jm de is equal to
_nl2 (1+etan><) q
@ e+1 (b)1-e
() e-1 (d) none of these
© COS X n2SiN2X | .
=IO de,then IO 1 dx is equal
to
1 1
Q) —+——-A b
@ 2+TE+2 ®) n+2
1 1 1
- d A-=-
i @) 2 m+2
X 2
Let |, = Rl and |2:j3xi. Then
014X 0¥ (2-x%)

—L isequal to
2
@ 3/e (be/3 () 3e (d)1/3e

If _[ ﬂdt =a, then the value of the integral

.t
sin—

J-4TE —Zdt IS
an-24m+2—t

@ 20 (b —2a ©a (-«
If 1(m,n) :Jolxm’l(l—x)”’l dx,(m,nel,mn=0),

then

@ 1(mn)= J‘ (1+r)”()1mndx
() 1(m,n)= _[ (1+x)m*” ————dx

nl

(© I(mn)= _[ G —— X

d) 1I(mn)= _[

X
1+ x)m+n
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25.

26.

217.

28.

29.

30.

31

sin (n +2j X
The value of J.On—
sin(xj
2

(b) 0

dx is, nel,n>0

@ ©n (d) 2

T
2
/2 -

The value of the definite integral j Sslin%dx S
0

@ 0 (b)g ©n  (@d2n

If 1 :je*(sin x)"dx, then :—3 is equal to
0 1

(@ 3/5 (b) 1/5 (©1 (d)2/5
/2

The value of jsin|2x—a|dx, where
0

ael0,x], is

(@ 1-cosa (0) 1+cosa

© 1 (d) cosa

Let f(x)=min({x},{-x})VxeR, where {}
denotes the fractional part of x. Then
100 .

LOO f(x)dx is equal to

(@ 50
(c) 200

(b) 100
(d) none of these

4

_[{x—o.4}dx equals (where {x} is a fractional
1

part of x)

(@ 13
The value of

() 6.3 ©15 ()75

.[ox[COtt]dt’Xe{(4n+1)g,(4n+3)g} and

ne N, is equal to (where [-] represents greatest
integer function)

L b
(@ —(2n-1)-2x (b) 5 (2n=D+x

© -(@n+)-x (@) 5 @n+D+X

32.

33.

34.

35.

36.

37.

38.

1 dt 1).
If f(x):J.01+|x—t|' then f’(Ej is equal to
1
@ 0 ® -
(¢ 1 (d) none of these

The value of the definite integral

4

[ (x@=x)(4+x)(6-X)(10~X) +sin x)dx
2

equals

(@) cos2+cos4 (b) cos2-—cos4

() sin2+sin4 (d) sin2-sin4

If f(x):cosx—J'OX(x—t)f(t)dt, then
f'(x)+ f(x) is equal to
(@ —cosx

© jox(x—t)f (t)dt

(b) —sinx
(d)0

IF [ (Dt = x+ [ tf (t)dt, then the value of (1) i

@ 12 (b) 0
c 1 d) -1/2

If jl t2f (t)dt =1—cosxV x e (o,gj, then the

value of {f (?H is ([-] denotes the greatest

integer function)

(@ 4 (b) 5
f(x)

If | tdt=xcosnx, then f'(9) is
0

()6 (d) -7

@ - ) -

©

3 (d) non-existent

If f(x)=1+£_[le(t)dt, then the value of
X

f(e) is
@ 1
© -1

bo
(d) none of these
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39.

40.

41.

42.

43.

44,

J'Ox[sint] dt, where xe(2nm,(2n+1)x),neN,
and [] denotes the greatest integer function, is
equal to

@ -nm ) =(n+D=

© -2nn (d) —(2n+D=

f (x) isa continuous function for all real values of
X and satisfies

X 1 ) XlG XG
jo f(t)dtzj.xt f(t)dt+?+?+a. Then the

value of a is equal to
1 17

@ ®) 165
1
© 3 @

f (x) isa continuous function for all real values of
. n+1 n2
x and satisfies J' fodx==-vnel. Then

I,Z f (| x])dx is equal to

(@ 19/2
(c) 1772

(b) 35/2
(d) none of these

3
j x3{x"}dx is equal to (where {} is the fractional
-3

part of x)
(@) 38 (b) 3
(c) 3° (d) none of these

f is an odd function. It is also known that f (x)
is continuous for all values of x and is periodic

with periodic with periodic 2. If g(X) = J'Ox f(t)dt,
then

(@ g(x) is odd

() 9(n)=0,neN

(© g(2n)=0,neN

(d) g(x) is non-periodic

J'0x|sint |dt, where xe (2nz,(2n+1)m),ne N,
is equal to

(@ 4n—cosx (b)
4n+1-cosx (d)

4n-sinx (c)
4n—1-—cos x

45.

46.

47.

48.

49.

50.

Ifa>0and A= j:cos*l xdx, then

f (cos™ x—sin"'y/1-x*)dx = ma—AAThen), is
@ 0 (b) 2
(c 3 (d) none of these

Let f be integrable over [0, a] for any real value
/2

of a. If | = jcosef(sin6+cosze)d6 and
0

n/2

I, = [ sin20f (sin+cos’ 0)do, then
0

@ 1,=-21,
© 2=1,

®)1,=1,
@ 1,=-1,

If £'(x)= f(x)+_|l' f (x)dx, given f(0) =1, then

the value of f(log, 2) is

1 5-e

. b -

@ 3+e ® 3-e
(c):L: (d) none of these

The functions f and g are positive and continuous.
If fis increasing and g is decreasing, then

1

[ F00lg()-g@—x]dx

0
(@ is always non-positive
(b) 'is always non-negative
(c) can take positive and negative values
(d) none of these
| f f(x)= O,wherex:%,n:l,z,& ..... |
1, elsewhere
2

then the value of [ f (x)dx is

@ 1 (0)0 ©) 2 (d) o

Let f(x) be positive, continuous, and differentiable
on the interval (a, b) an

lim f(x)=1, lim f(x)=3"If
x—a" Xx—b~

f'(x)> f3(x)+ , then the greatest value of

f(x)
b-a is

T

@ 5 Oz O3 O
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51.

52.

53.

54.

55.

56.

Consider the Region R defined as

R :{(x. y)

What is the area of R?
@ 25  (b) 40 () 50  (d)64rn
Acurve y = f (x) passes through the origin through

x* +y? <100
sin(x+y)>0

any point (x,y) on the curve, lines are drawn
parallel to the co-ordinate axes. If the curve
bounded, the area formed by these lines and the
co-ordinate axes in the ratio m/n. What is the
equation of curve? In the following options, k
represents an arbitrary constant.

@ ¥y =k (b) y =k
HJ
© y=hcm (A y=he

What is the positive value of b for which the area

of the bounded region bounded enclosed between
2

the parabolasy=x—bx? and y = % is maximum?

@ 1 (b) V2 ©v3 (@2

Let f(x)=Max{x?,(1-x)% 2x(1-x)} what is
the area of the region bounded by the curve
y=f(x), x=0 and x=1?

58 61 67 71
@ o O @5 @
What is the area of the region bounded between
I
the curves y =e*Inx and y - X
ex
e’ -1
@ —
e’ -5
© de

What is the area of the region containing the points
where (x,y) co-ordinates satisfy the following

. 1
relation | y | 3 <eM

@ 1-In2
© 21-In2)

(b) 1+1In2
(d) 2(1+In2)

57.

58.

59.

60.

61.

A square has its vertices at (1, 1) (1, -1), (-1,-1)
and (-1, 1). Four circles of radius 2 are drawn
one centred at each vertex of the square. What is
the area common to these four circles.

(@) 2[%—@] (o) 4&_@]

© 2(3 f] “”4(3 f]

What is the area of the region bounded by the
curves y =x* y=|2—x*| and y =2 which lies
to the right of the line x =17?

@ 10—34J§ o) 12— 5f
© 16—38\/5 @ 20—;2@

What is the value of | = je’“x”dx
0

(n-1)! n_!
@ 0
(n=1)!
© @ 3
fx*—xP
What is the value | =j dx
In x

0

b) 21 3]

© n(s
a-1

(3

anadao,)

Inl &

@ ”(B]
a+1

(©) In(m]

What is the value of | :j

0

@) %In(1+ a) (b) %In(1+ a)

© ne+a) (d) nIn(L+a)
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62.

63.

64.

65.

66.

Area bounded by the curves y=tanx and

y =tan®x in between x e (—ggj is equal to
@ %(n+|n2—2) S. units

(b) %ﬁ+m@¢§—$}m4mm

© E+In2+2\@—2} sq. units

@ 2 (+In4-2) sq. units

Area enclosed by the curve (y —sin™ x)* = x — x?

is equal to

(@ g sg. units (9)] % sg. units

(©) g sg. units (d) None of these

The area of the loop of the curve

x* +(y-1)y* =0 equal to

8 . 8 .
€)) I Sg. units (9)] 17 SO units

4 .
(©) 5 Sg. units
Area of the region which consists of all the points
satisfying the deduction | x—y |+ | x+ y[<8 and

xy > 2 is equal to

(@ 4(7-In8) sq. units

(b) 4(9-1In8) sq. units

() 2(7-In8) sq. units

(d) 2(9-1In8) sq. units

A point P moves in xy plane in such away that

[x +y+1] =[x] where [x] represents the greatest

integer formation x € (0, 2) . Area of the region

representing all possible positions of the point ‘P’
is equal to

(@ 2sg. units
(€) /2 sq. units

(d) None of these

(b) 8 sq. units
(d) 4 sq. units

67.

68.

69.

70.

A point P(x,y) moves in xy plane in such away

take 2 <|x+y|+|x—y|<2v2 area of the
region representing all possible positions of the
plant ‘P’ is equal to

(@ 2sg.units (b) 4 sq. units

() 65sg.units (d) 8 sq. units

Two lines drawn through the point P(4, 0) divide.

The area bounded by the curve y = ﬁsin%x

and x-axis between the lines x=2 and x=4
into three equal parts sum of the slopes of the
down lines is equal to

o 52 0=
=2 .
© = @ =2

The area of the smaller region in which the curve

100 50
integer

3
y= {X—+i} where [ -] denotes the greatest

divide the circle

(x—2)*+(y+1)° =4 is equal to

2m =33
3

function,

(@)

Sg. units

3\/§—7I
3

47:—3\/5
3

(b)

Sg. units

©

Sg. units

©)

Sg. units

57—3/3
3

The area of the figure bounded by y? = (2x +1)
and (x—y-1)=0
@ 2/3
(c) 813

(b) 4/3
(d) 16/3
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PART-B (Multiple Select Questions (MSQ))

1.

A function f(x) satisfies the relation

1
f(x)=e*+[e"f (t)dt. Then
0

@ f(0)<o0
(b) f(x) isadecreasing function
() f(x) isan increasing function

(d) j f(x)dx>0

3

1+t

(@ for 0<a<B,f(a)< f(B)

(b) for0O<a<pB, f(a)> f(B)

© f(X)+n/d<tantxvx>1

@d) f(X)+n/4>tantxvx=1
The values of a for which the integral

dt, where x>0. Then

Let f(x):j

2
j| x—a|dx>1 is satisfied are
0

@ [2,0)

none of these

(0) (0,01 (©(0,2) (d)

If ["sinx|dx=8 and [*"|cosx|dx=9 then

O
@ a+b==" (b) |a—b]=4x
(©) %=15 (d) j:secz xdx =0

3
Let | :J\/3+ x3dx, then the values of I will lie
1

in the interval

@ [4,6] () [1, 3]
© [4,2430] (d) [V15,/30]

If g(x)=j2|t|dt,then
0

@ g(x)=x|x|

(b) g(x) is monotonic

(©) g(x) isdifferentiable at x=0
(d) g'(x) is differentiable at x=0

7.

10.

11.

X 4t
Let f:[L,o) >R and f(x)= xjert—eX :
Then '
(@ f(x) isanincreasing function
(b) limf(x) >
() f'(x) hasamaximaat x=¢
(d) f(x) isadecreasing function

dx
1+ x*

The value of _[ is
0

x% +1dx
1+ x*

(@ same as that of j
0

T

® 575

(c) same as that of _[
0

X2
1+x*
Y
O 7
If f(x)=j|t—1|dt, where 0< x <2, then
0

(@ range of f(x) is [0, 1]

(b) f(x) isdifferentiable at x =1

() f(x)=cos™x has two real roots
(d f'@/2)=1/2

nl4
If 1 = j tan” xdx, (n > 1 and is an integer),
0

then

@ In+ln2=$

(b) mm:i

© 1L+1,1,+]1,..., arein H.P.
1 1

@ Sy <" 2oy

¢ odx _
If 1o = !m where ne N, which of the
following statements hold good?
@ 2nl_,=2"+(2n-1)I

n 1
b) I,=—+=
0 =5+
n 1
0 I,==_=
© 1 8 4
3n 1

| =224 =
@ 1, 32+4
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12.

13.

14.

15.

If f(2-x)=f(2+x) and f(4-x)=f(4+X)
for all x and f(x) is a function for which

2

50
j f (x)dx =5, then j f (x)dx is equal to
0 0

@ 125 () | f(dx
© Tf(x)dx (@ | f(x)ax

on{j: f(t)dt}du is equal to
@ [ (x-u)f uadu

(0 [, uf (x-u)du

© x|, f(u)du

(d) x_|'0x uf (u—x)du
Which of the following statement(s) is/are true?

(@ If function y = f(x) is continuous at x =c¢
such that f(c) =0, then

f(x)f(c)>0vxe(c—h,c+h), where h is
sufficiently small positive quantity

(b) !i_rllc%In[(l+%}(l+%j...(l+%}j =1+2In2

() Let f be a continuous and non-negative

b
function defined on [a,b]. If j f (x)dx =0, then

f(x)=0Vxe[a,b]
(d) Letf be a continuous function defined on

b
[a,b] such that [ f (x)dx = 0. Then there exists

at least one c e (a,b) for which f(c)=0
1

The value of je*z’*dx is
0

1 1

@ <1 (>1 () >e* (d)<e*

16.

17.

18.

19.

20.

For which of the following values of m, is the area
of the regions bounded by the curve y = x—x*

and the line y =mx equals %

@ -4  (b)-2 © 2 (d) 4

Area of the region bounded by the curves y = e”
and lines x=0 and y=e is

@ (e-1) (b) [In(e+1-y)dy

1 e
©) e—je*dx (d)jln ydy
0 1
If S be the area of the region enclosed

y=e*,y=0,x=0 and x=1 then
1
@ s>+ (b)S>1-=
e e

1

© S S%(“ﬁj

1 1 1
d S<—+—F|1-—=
O ss5rp(i-7)
Let A(k) be the area bounded by the curves
y=(x*-3) and y = (kx+2)

o
3 '

(@ the range of A(k) is

05
(b) the range of A(k) is | —5 ®

(c) if function K — A(k) is defined for
k €[-2,] then A(k) is many one function
(d) the value of k for which area is minimum is 1

If the curve y=ax"?+bx passes through the

point (1, 2) and lies above the x-axis for 0 < x <9
and the area enclosed by the curve, the x-axis,
and the line x =4 is 8 sg. units, then

@ a=1 (b) b=1
(¢ a=3 db=-1
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PART-C (Numerical Answer Type (NAT))

1.

Consider the polynomial f(x) =ax*+bx+c. If
f(0) =0, f (2) = 2, then the minimum value of

j|f'(x)|dx is

Consider a real-valued continuous function f such

/2
that f (x) =sin x + j (sin x+tf (t))dt . If M and
—n/2
m are maximum and minimum values of the function
f, then the value of M/m is
A continuous real function f satisfies

1
f(2x)=3f(x)VxeR.If j f (x)dx =1, then the
0

2
value of definite integral [ f (x)dx is
1

Let f:[0,0) >R be a continuous strictly
increasing function, such that £°(x) = [t- £2(t)dt
0

for every x>0. Then value of f(6) is

3n/5

If I = j ((L+X)sin x + (L— X) cos x)dx, then the
0

value of (+/2 -1)1 is

¢oodt
Let f(x)= and g (x) be the inverse of
| e e

f (x) . Then the value of 4 g”(x)2 is
(9(x)

©

If J'x"’”+1 X% =360, then the value of n is
0

8.

10.

11.

12.

13.

14.

15.

Let f(x) be a derivable function satisfying
f(x)= jetsin(x—t)dt and
0

g(x) = f"(x)— f(x) . Then the possible integers
in the range of g(x) is

If F (%) =%j:[4t2 _2F'(®)]dt, then

(9F'(4))/4 is
1

If f(x)= x+_[t(x+t) f (t)dt, then the value of
0

% f (0) is equal to

The area enclosed by the curve

C:y=xy9—x? (x>0) and the x-axis is
If the area enclosed by the curve y=+/x and

x=—y the circle x?+y?=2 above the x-

. 1 )
axis is A, then the value —6A is
T

If the area bounded by the curve y = (x*+1)

and the tangents to it drawn from the origin is A,
then the value of 3A is

If A is the area bounded by the curves
y=+1-x? and y=x’—x, then the value of

T

A
The area of the region

{(x,y):0<y<x*+1,6<y<x+1,0<x<2}is
A then the value of 3A—-17 is
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ANSWER KEY

PART-A (Multiple Choice Questions (MCQ))

1. () 2. () 3. () 4. () 5. (a)
6. () 7. (@ 8. (d) 9. (@ 10. (0)
11. (c) 12. (c) 13. (b) 14. (0) 15. (a)
16. (a) 17. (@) 18. (b) 19. (b) 20. ()
21. (a) 22. (c) 23. (d) 24. (0) 25. (0)
26. (b) 27. () 28. () 29. (a) 30. (0)
31. (c) 32. (a) 33. (b) 34. (a) 35. (a)
36. (b) 37. () 38. (b) 39. (a) 40. (d)
41. (b) 42. (b) 43. (c) 44. () 45. (b)
46. (b) 47. (b) 48. (@) 49. (0) 50. ()
51. (c) 52. (b) 53. (a) 54. (d) 55. (C)
56. (C) 57. (b) 58. (d) 59. (d) 60. ()
61. (d) 62. (c) 63. (b) 64. (a) 65. ()
66. (a) 67. (c) 68. (a) 69. (0) 70. (d)

PART-B (Multiple Select Questions (MSQ))

1. (a,b) 2. (a, d) 3. (a,b,c) 4. (a, b) 5 (c)

6. (a, b,c) 7. (ab) 8. (b, ) 9. (ab,d) 10. (b,c,d
11. (a, b, d) 12. (a, b, d) 13.(a, b) 14. (a,c,d) 15 (a,d)
16. (b, d) 17. (b, c, d) 18. (a, b, d) 19. (b, c) 20. (c,d)

PART-C (Numerical Answer Type (NAT))
1. (2 2. 3 3. (B 4. (6) 5 (2
6. (6) 7. (6) 8. 9. (8 10. (9)
11. (9) 12. (8) 13. (2 14. (2) 15. (6)




