Chapter

NORMAL SUBGROUP

Normal Subgroup:

Let G be a group under multiplication and H be any subgroup of G and let x e G. Then Hx and XH are
respectively the right and left cosets of H in G.

IfGisabelianthen Hx =xH ¥xeG.

But even when G is non abelian and yet there exist a subgroup H of G having the property Hx = xH vx e G,
then such a subgroup of G is called normal subgroup.

A normal subgroup H of a group G is denoted by H> G

Definition: Asubgroup H of G is called normal subgroup of G if xhx ™ € H forall xe G andforallhe H .

Note: For a group G, {e} and G are always the normal subgroups of G and these are called trivial normal
subgroups of G or improper normal subgroups of G.

Simple Group: Ifagroup G has no proper normal subgroup, then G is called a simple group

Note: Every group of prime order is simple.

Theorem 1: Every subgroup of an abelian group is always normal

Theorem 2: Asubgroup H of agroup G is normal if and only if xHx™ = H forall xe G

Theorem 3: Asubgroup H ofa group G is normal if and only if each left coset of H in G isa right coset of H
inG.

Theorem 4: Asubgroup H of G isnormalif and only if the product of two right cosets of H in G isagain a right
cosetsof Hin G.

Theoremb: Intersection of two normal subgroups ofa group is also a normal subgroup

Theoremé6: Intersection of any collection of normal subgroups is itself a normal subgroup

Theorem?7: If M and N are two normal subgroups of G suchthat, N(1M = {e} , then forevery ne N and

me N we have nm=mn.

Theorem 8: Let H be asubgroup of G and N be a normal subgroup of G. Then H N isa subgroup of H.
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Solved Examples

1. If H is a subgroup of G and N is a normal subgroup of G, then H n N is anormal subgroup of
(@ H (b) N () H+N d G [B.H.U.-2011]
Soln. Let xeHNN

=xeH and xeN

Let heH=heG

=hxh*eH (- His subgroup of G)

Also nhteN (- Nis normal subgroup of G)
=hxh"eHNN VheH,vxeHNN

H NN is normal subgroup of H.

Hence correct option is (a)

2. Let H be a finite subgroup ofagroup Gand let g G . If gHg ™ = {ghg’l |lheH } then [B.H.U-2018]
(8 |oHg|=|H| (b) |gHg ™| <|H]|

© [oHg™[>|H| @ [oHg |1
Soln. Define f:H —gHg™ by f(h)=ghg™,heH

Let h,h,eH

f(hh,)=ghhg™ =ghg gh,g™ = f(h)f(h,)

= f is a homomorphism

Let f(h)=f(h,)

=ghg~ =ghg™

= hl = h2

= f is one- one

Let xegHg™

= x=ghg™ for some h eH
Now h e H

= f(h) = ghg™

= f is onto

= f is one-one and onto

= |gHg | =|H|

Hence correct option is (a)

G_ South Delhi : 28-A/11, Jia Sarai, Near-11T Hauz Khas, New Delhi-16, Ph : 011-26851008, 26861009
ey North Delhi : 33-35, Mall Road, G. T.B. Nagar (Opp. Metro Gate No. 3), Delhi-09, Ph: 011-27653355, 27654455



Normal Subgroup 121

Soln.

Soln.

Let G be a finite group and H is a subgroup of G of index 2. Then [H.C.U. 2018]

(@ Hisnormaland g>cH forany geG (b) H is normal and g’ =e
(c) Hisneed not be normal (d) None of the above
Given H is a subgroup of G of index 2

= Hisnormal in G and also (gH )2 =H VvgeG (itis normal because every right coset is also a left coset)
= (gH)(gH)=H
= g’H=H (*~ Hisnormal in G)

= g’cH (" heHeo Hh=H=hH)

Hence correct option is (a)

ab 1 b a o0
Let G= aeQ-{0},b U= b , D= a —{0
{3 Yrea-opealu-{] Yocal. o3 {Jeco-of
Which of the following statements are true? [H.C.U. 2013]
(@ G,U,D are all groups under multiplication (b) D is a normal subgroup of G
(c) U is a normal subgroup of G (d) For every matrix AcU, ADA™ c D

Given G:{ a b]
01

f o

We can easily prove that G, U,D are all groups under multiplication.

ae@—{O},be@}

ae@—{O}}

Also UcG and DcG

= U and D are subgroups of G.
To check that D is normal in G or not :

Let BeG and ceD

B= & b for some Q-{0 Q and C= % 0 for some Q-{0
= = 0 1 a e _{}’ble 0 1 & € _{}

s 3332

b
0o 1)lo 1 o
1

o .®|r
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=(a3 _a3b1+b1]eD
0 1

= D is not normal in G.

To check that U is normal in G or not

Let BeG and CeU

a b Lo
- B:[o 1] for some a eQ-{0},b eQ and C=[o 1J?bz€@
1 b 1 b
S B O E S AR EE Sy
0 1 0 1 0 1 0 1

= BCB'eU
= U is normal in G.
Let AcU

1 b))
:>A=[O 1],beQ

1 bYa 0)1 -b 1 b)fa -ab a -ab+b
Now (o 1]{0 1)[0 1 J :[o J(o 1 ] :(o 1 JE °
— ADA'¢ D
Correct option is (a) and (c)
5. For a group G, which of the following statements are true? [H.C.U. 2014]
(@ If x,y eG such that order of x is 3, order of.y.is 2 then order of xy is 6.

(b) If every element is of finite order in G then G'is a-finite group
(c) If all subgroups are normal in G then G is abelian
(d) If G is abelian then all subgroups of G are normal

Soln.  For option (a)

Take G =S,

Let x=(123) and y=(12)
Clearly o(x)=3 and o(y)=2
xy = (123)(12) = (1)(23)

= 0(xy)=2

= Option (a) is incorrect
For option (b)
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Let G=(P(N),A)

G is an infinite group in which every element is of finite order.

For option (c)

Let G=Q,

All subgroups of G are normal in G but G is non abelian.

For option (d) :

We know that if G is abelian group then all subgroup of G are normal
Correct option is (d).

6. Let GL,(RR) denote the group of all n X n matrices with real entries (with respect to matrix multiplication)

which are invertible. Pick out the normal subgroups from the following: [NBHM-2010]
(@ The subgroup of all real orthogonal matrices
(b) The subgroup ofall invertible diagonal matrices
(c) The subgroup ofall matrices with determinant equal to unity
Soln. For option (a)

Take n=2

L al0t
et A=

Clearly AeGL,(R) is an orthogonal matrix.

oy 7
IR e B
5 7% 3

Clearly BAB™ is not an orthogonal matrix
= The subgroup of all real orthogonal matrices does not form a normal subgroup of GL,(R)

For option (b):
Take n =2

Let A= 10
10 2
Clearly A is an invertible diagonal matrix.

1 -2
Let B= 0 1 eGL, (R)
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Soln.

Consider BABl{l _2}{1 O}F 2}
0 110 2|0 1

e S

= BAB™is not a diagonal matrix

= The subgroup of all invertible diagonal matrices does not form a normal subgroup.

For option (c)
Let AeGL,(R) be such that det (A) =1

Let BeGL, (R)
Consider det (BAB™)=det(B)det(A)det(B™)

— det(B)det(A) detl(B) — det(A) =1

:det(BAB‘l)zl

Thus the subgroup of all matrices with determinant equal to unity form a normal subgroup of GL, (R)

Hence correct option is ()

Let G be the group of invertible upper triangular matrices in VL (R). Ifwe write Ac G as A= (

which of the following define a normal subgroup of G ?
@ H={AeGla, =1}

(b) H={AeG|a,=a,}

() H={AeGla, =2, =1}

Given G = {(aﬂ e j eM, (R)|a11azz * 0}
0 a,

For option (a)

Given H ={AeG|a, =1}

Let BeG

Let AcH = A= 1 a al, #0
0 a,) ?

Let BeG

TP

= Bz(o1 agj,aﬂazz;to

Consider BABlz[a“ aﬂj[l aﬂ] 1 (azz —%J
0 a,/\0 a;,/a,a,( 0 a,

0 a,
[NBHM-2014]

a, au]

&
N—
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Soln.

1 (aﬂ aiz](azz —a12+a11a{z]

3,3, 0 a,)( 0 a,,a),

:L[auazz —a,8, + aizlaiz +a12a113'£2J cH
a11a22 0 a11a22a2'2

= Hisnormal in G

For option (b)

Given H ={AeGla, =a,,}

!

Let AeH :A:[aél a“}al’l #0

ay,
Let BeG
:B:[aél Zizj;anazz;to
Consider BAslz[ail amj[ail a{zj 1 {azz —alzj
0 a,)l 0 aja@,\ 0 a,
— 1 (ail alzj[aillazz _ailaiz+aiza11j
a8, 0 ay 0 a11a1’1
_ 1 [aualllazz _alla'llla12+a1’2a121+a12a11a{1J
a8, 0 a11a1,1azz
' ai/zan
= = a, |eH
0 aj

= H is normal in G
Similarly we can prove for option (c)
Hence correct option is (a), (b) and (c)

For real numbers a and b, define the mapping 7, , :R >R by z, ,(X) =ax +Db. Let

G={r,,:a,beR,a=0}
Under composition of mappings, this becomes a group. Which of the following subgroups of G are normal ?
(@ H={r,,la#0,acQ,beR} [NBHM-2015]

(b) H={r,,[beR}
(c) H={r,,|beQ}

Given G ={1,,:a,beR,a=0}

For option (a):

Given H ={r,,|a#0,acQ,beR}

Let xeG=x=1,, for some a,beR,a=0

Let heH = h =1, forsome a'eQb'eR,a'#0

. -1 _ -1
Consider XhX™ =7, , T\ T(an)
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- (y bY .
‘C(a,b)T(a',b')T(;b) ( Y) = T(a,b) [a (E _gj b j

=aa’(1—9}+ ab’+b
a a

=a'(y-b)+ab'+b
=a'y+ab’'—a'b+b
= T(a’, ab’-a'b+b) (y) eH

= His normal in G.
For option (b)

Given H ={1,, |beR]

Let xeG and heH

=x=1,, for some abeR, a0
and h=1,, for some p’'eR

; 1 b
Consider Ta,brl,b’r[i’;b) ( y) =T,y oy (E y _E)

:‘ca,b (iy _g+b'j

=a(£y—9+b’]+b
a’ a

=y-b+ab'+b
= ‘cl,ab’ (y)
=T € H

= H is normal subgroup of G.
For option (c):

Given H ={r,, |beQ}

Let xeGand heH
= X = ra’bfor some a,beR,a=0

and h=r,,, for some b’'eQ
Now ‘abTbT1-b = Trap
-

If acR-Q then ab’¢Q

= Tl,ab’ & H
= H is not normal in G.
Hence correct option is (a) and (b)

9. Let ne N,n > 2. Which ofthe following subgroups are normal in GL, (C) ? [NBHM-2017]
(@ H={AeGL,(C)|Ais upper triangular}
(b) H={AeGL,(C)|Ais diagonal}
() H={AeGL,(C)|det(A) =1}
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Soln.

10.

Soln.

11.
Soln.

Given G =GL,(C)

10 1 -1
Let Az[o 2} and B—[l 1]
Consider BAB*:[l 4}(1 Ojl(l 1}
+1 1lo 2)2(-1 1
C1(1 -1)(1 0)(1 1
2l 1 lo 2)(-11
11 111
2l 1 )l—2 2
_1(3 -
2(-1 3

Clearly gag is not an upper triangular matrix

=H={AeGL,(C)| Ais upper triangular matrix} and H = { Ae GL, (C)| Ais diagonal} are not normal in
G

H ={AeGL,(C)|det(A)=1f is normal in G. ( det (BAB™) = det A)
Hence correct option is (c)
Let G be an abelian group with the identity e. Which one of the following statements are true.

(@ H ={xeG]|orderof x isodd} isasubgroup of G [H.C.U. 2018]
(b) H ={xeG|orderof x iseven}{e} is asubgroup of G

(c) Everysubgroup of G isnormal

(d) Giscyclic

For option (a)

Given H = {x e G| order of x is odd}

To prove that H is a subgroup of G, it is sufficient to prove that H is closed

Let abeH

= o(a)= an odd integer and o(b)= an odd integer

We know that o(ab) divides Icm of o(a) and o(b) in an abelian group.
= o(ab) is an odd integer

= abeH

= His a subgroup of G.

For option (b)

Take G=Z,,

H = The set of all even ordered elements in Z,, U {e} ={0,1,2,5,.....}

H is not a subgroup of G. (*.- 1+ 5 = 6 does not belong to H)
Hence correct option is (a) and (c).

Any normal subgroup of order 2 is contained in the center of the group. [TIFR-2013]
Let G be a group and H be any subgroup of G of order 2. i.e. H={e,x}

We have to prove xeZ(G) i.e. xy=yx VyeG

Let yeG be any arbitrary element.
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12.

Soln.

13.

Soln.

Since H is normal in G.

= yxy'leH

= Either yxy™=e or yxy™* =x

If yxy'=e=>x=¢e

— yxy'#e

= yxy'=x

= YX=XxyVvVyeG

=>xel (G)

=HcZ(G)

In each of the following, state whether the given set is a normal subgroup or, is a subgroup which is not normal
or, is not a subgroup of GL, (C).

(@) The set of matrices with determinant equal to unity

(b) The set of invertible upper triangular matrices

(c) The set of invertible matrices whose trace is zero [NBHM-2012]
For option (a).

We know that the set of all matrices with determinant equal to unity form a normal subgroup.

For option (b):

The set of all invertible upper triangular matrices form a subgroup of GL, (C) but not a normal subgroup.
For option (c)

1 0 1 0
Let A= and B= !
0 -1 0o -1

Clearly A and B are invertible matrices whose trace is zero

Now Asz(l 0]
01

Trace(AB)=2+0

= The set of invertible matrices whose trace is zero does not form a subgroup of G.

Let A and B be normal subgroups of a group G. Suppose ANB = {e} , Where e is the unit element of the
group G, then

(@ forany ac A and peB, ab = ba.

(b) for only some g A and he B, ab = ab.

() ab=ba for any ac A and beB.

(d) ab=ba for some ac A and beB.

Since YVae AbeB

(aba™)b™ eB&a(bab™)e A
as ANB={e}=abab™ =e

—ab=bavVae AbeB
option (a) is correct

&
N—
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14.

Soln.

15.

Soln.

Which of the following is true ?
(@ 3two subgroups H,K, which are not normal but HK is a subgroup

(b) A two subgroups H,K, which are not normal but HK is a subgroup
(¢) If [H| = 14 and |K| = 33 then |[H NK]| is greater than 1

(d) A has subgroup of order 15

Let G=S,,H ={1,(12)}

K ={1,(123),(132)}
Hence HK ={1,(12),(123),(132),(12)(123),(12)(132)}
={1,(12),(123)(23)(13),(132)

KH ={1,(12),(123),(132),(23),(13)}

Thus HK = KH = HK is subgroup
but H and K are not normal subgroup of G
.. option (a) is correct & (b) is false

Since |[H NK| must divide |[H|=14 and |k|=33
=|HNK|=1
.. option (c) is false

If A has subgroup of order 15. Then A, must have an element of order 15 as group of order 15, is cycle
but A. does not have an element of order 15.

.. option (d) is false

Correct option is (a)

Let G be a group and H, K be subgroups of G such that G = H®K. Let N be a normal subgroup of
G such that NH ={e} and N K ={e}. Then N is

(@) abelian (b) Non abelian (c) Cyclic (d) None of these
Since G =H xK, H and K are normal subgroup of G.

if H, k be normal subgroup of G & HN K= {e}}

N , , . nh= nk =kn
oW ¥neN, heH . keK, nh=nh and {thenhk:thheHandkeK

Let a,be N, then 3heH, k eK suchthat p=hk .
Now ab=a(hk)=(ah)k=(ha)k =h(ak)
=h(ka)=(hk)a=ba

= ab = ba

= N is abelian
.. option (a) is correct
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16.

Soln.

Let G be a group and H ={92 lg eG}. Then

(@ H must be normal subgroup

(b) H is sub group but need not to be normal subgroup

(c) His not sub group of G.

(d) H may not be subgroup and if it is a subgroup then it must be normal.

Suppose G = A, contains all twelve even permutation of S, which are {I, (12)(34), (13)(24),(14)(23)}
and the 8 3-cycles elements. Since 12 = I, ((ab) (cd)? = I and square of any 3-cycle is a 3-cycle, we notice
H will contains I and 8-3 element cycles so that o(H) =9 and 9 [12 . S0 H can not be subgroup of G.
Option (a), (b) are false

Suppose now H is subgroup then if h e H, g € G be any elements, then

g_leG: g_2 cH also ghEG
:>(gh)26H
=g7(gh)(gh)eH

=g hgeH
- Hisnormal in G.
.. Correct option is (d)

&
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