Chapter

Wronskian

1.10

(1) LINEAR DEPENDENCE OF SOLUTIONS
Consider the initial value problem consisting of the homogeneous linear equation

y'+py'+ay=0 (1)
with variable co-efficients p(x) and g(x) and two initial conditions y(x,) = K,., y'(X,) =k, .(2)
Lets its general solutionbe y =c,y, + C,Y, -(3)

which is made up of two linearly dependent solutionsy, and y,*.

If p(x) and q(x) are continuous functions on some open interval I and x; is any fixed point on I, then the above
initial value problem has a unique solution y(x) on the interval I.

(2) Theorem. If p(x) and g(x) are continuous on an open interval I, then the solutions y, and y, of (1) are
Y1 Y,

1 2

linearly dependent in I if and only if the Wronskian™ W (y,, y,) = =0 forsome x,on I. Ifthere is an

x=x, inlatwhichW(y,, y,) # 0, theny,, y, are linearly independent on I.

Proof : Ify,, y, are linearly dependent solutions of (1) then there exist two constants ¢, ¢, not both zero,
suchthat ¢y, +¢,y, =0 ..(4)

Differentiating w.r.t. X, ¢y, +¢,y, =0 ..(5)

Eliminating c,, ¢, from (4) and (5), we get

Yi Y,

' ’
1 2

W(yl’ y2)= =0

Conversely, suppose W (y,, y,) =0 for some x = x, on I and show thaty,, y, are linearly dependent.

Consider the equation

C,Y: (%) +C,Y,(X) =0 ..(6)
Clylr(xo) + Czyg(xo) =0

Yi(%e)  Y,(X%)

which, on eliminating ¢, ¢, gives W (y,, y,) =|, '
o B HEY IR ACH)

Hence the system has a solution in which c;, ¢, are not both zero.
Now introduce the function ¥(X) = ¢, Y, (X) + C,Y,(X).
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Theny(x) is asolution of (1) on I. By (6), this solution satisfies the initial conditions y(x,) =0 and y'(x,) =0.

Also since p(x) and g(x) are continuous on I, this solution must be unique. But y = 0 is obviously another
solution of (1) satisfying the given initial conditions. Hence y = y i.e. c,y, + C,Y, =0 inl. Nowsince ¢, C,
are not both zero, it implies thaty, and y, are linearly dependent on I.

Remark : (1) Let fand g be two differentiable function on an interval | and

w(r(9.800)-| () 20

# Ofor some x e | then f(x) and g(x) are linearly indepedent function.

(2)  Converseof (1) isnottrue for example, f (x)=x|x| and g(x)=x’ are two linearly independent

solutionand W (f,g)=0 Vv xeR

(3) If f(x) and g(x) are linearly dependent function then

X)

f'(X) g'(x):OVXEI

(4) Converse of (3) is not true for example, f (x) =x|x| and g(x)=x*>,W (f,g)=0 v xeR

and f(x) and g(x) are two linearly independent solution.
(5) Lety,andy, are twosolution of an ODE. Then

y, and y,are L. W (y,, ,) # 0 ¥x

y, and y,are L.D <W (y;,Y,)=0Vx
ABEL’S THEOREM

Let a,a,,a,.....,a, be continuous functions onan interval I' containing the point x,

Let ¢y, d,, g....., §, bE N sOlution of ODE, y™ +a,(x)y"™ +a,(x)y" +....+a,,y'+a,y =0.

Thenwronskin of SOIUGION ¢y, Gy ......... 4y ISW (X) =W (x,) e‘fxoai(‘)d‘

Also W (x) = ce’J 2% \vhere ¢ is constant.

Example-1

Show that the two functions sin 2x, cos 2x are independent solutions of y” + 4y = 0.
Soln.  Substituting y, =sin 2x (or y, = cos 2x) in the given equation we find that y,, y, are its solutions.

sin 2X COS 2X

Also W (y,, = .
(V2r¥2) 2C0s2Xx —2sin 2x

=—2=%0

for any value of x. Hence the solutions vy, y, are linearly independent.
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Previous Year Solved Problems

Example-2
Consider the following statements regarding the two solutions Y, (x) =sin X and Y, (X) =cosx of y"+y =0.

() They are linearly dependent solutions of y"+y =0 [D.U. 2015]
(i) Their wronskian is 1
(iii)y They are linearly independent solutions of y"+y =0

which of the statements is true?
(@ (i) and (ii) (b) (i) and (iii)
(c) (i) d (@)

Soln. y, =sin, y, =cos(X)

sinx  cos(x)
cos(x) —sinx

Y, Y,
Vi s

~.w=0=Y, and y, are linearly independent
Statement (iii) is only true statement
.. Option (c) is Correct

Example-3
: 2, d?y dy : .
Let y,(x)and y,(x) be two solutions of (1— x )dx2 - 2xd—x+ (sec x) y =0 with Wronskian W(x). If
dy a0 (= dy
0)=1|-=2 =0andW| = |==, then| —=% equals )
h0-1 (G oS AT 200
1 01 3 o4
@ (b) © - @ 3
d’y dy d’y  2x dy
In. (1+x*)—-—2x—2+secxy =0 —~ —~ +secxy=0
Soln ( )dxz dx W=r= dx?  1—x* dx y

ByAbel’s theorem, y"+ p(x)y'+Q(x)=0

—[ p(x)dx z—xzdx —%dx
W (x)=ce /" _celir® s e e
—Iog‘xz—l‘ C
W {(x)=ce =
( ) X2_1
c
W(x)=
( ) 2_1
Since W 1 =1:>1=L
2) 3 3 }_1
4
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1 4 -
237 3°7° 7
-1 1
So, W(X)=4(X2_1):4(1—X2)
) :yl()() yz(X) : , 1_1 yz(o)
R A RO vt e )

1 dy 1
—=v'(0)>| =22 —
= 4 v2(0) (dxjx_o 4
Option (a) is Correct
Example-4

Given below four sets {f,, f,, f,} of functions defined on R. Determine which set is linearly dependent
(@) {f,(x)=x3f,(x)=x* f,(x)=x"} (b) {f,(x)=x, f,(x)=x+1, f,(X) =x+2}

(©) {f,(x)=cosx, f,(x)=sinx, f;(x)=1} (d) {f,(x)=e", f,(x)=e", f,(x)=1} [CUCET-2016]

1
f,(x)=x%f,(x)=x* f3(x)=7
X2 X4 %
-2
W(x)=2x 4x® = 24 24 12 4 1
() 3 =x2x(7+7]—x4(F+FJ+7(2yX3—8x3)
2 12¢ &
X

= 48x —16x+16X = 48x Which is non zero for some x € R
- { ., f,, f,} islinearly independent set
Also, f(x)=x, f,(x)=x+1, f;(x)=x+2

X X+1 x+2

W(x):l 1 1 [=0VxeR
0 0 0
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W (x)=0 VxeR butwe cannot say anything
Also, there exists a =-1,b = 2,c = —1suchthat
a f,(x)+bf,(x)+cf,(x)=0.

Therefore, { f,, f,, f,} is linearly dependent

Now, f,(x)=cosx,f,(x)=sinx, f;(x)=1

cosx sinx 1
W(x):—sinx cosx 0/=120VxeR
—cosx -sinx O

Therefore, { f,, f,, .} is linearly independnet seton R

again, f,(x)=¢", f,(x)=e™, f;(x)=1

e e 1
W(x)=|e* —e™ 0/=2#0VxeR
e* e* 0

Therefore, { f,, f, f,} islinearly independneton R .
Option (b) is Correct.

Example-5
d’y
dx’

on [0,1] and a,(x) = 0 forall x €[0,1]. Moreover, let f, (%) =f, [%) =0.Then [D.U. 2016]

Let f, and f, be two solutions of a,(x) + al(x)g—iJr a,(x)y =0,where a,, a and a, are continuous

(@) oneof f,and f, mustbe identicallyzero (b) f,(x)= f,(x) forall x €[0,1]

(c) f,(x)=c f,(x) for some constantc (d) none of these

2
+a4(x)d—y+a2(x)y=0 _d ¥+a1(X)ﬂ+a2(x)
dx dx*  ay(x)dx ay(x)

Soln.  a,(X)—5

1 1
fl=1=0f]=]|=0
We have, 1(2] 2(2]

y=0
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We know, f, and f, are solution of ODE thanf, and f, are linearly dependent iff W(x) = 0 for some x.
. 1
Since W (x) =0 for x =5

Therefore, f,(x) and f,(x) are linearly dependent solution of the given ODE

= f,(x)=cf,(x) for some constantc.
Option (c) is Correct

Example-6

For which of the following pair of functions y,(x) and y,(x), continuous functions p(x) and q(x) can be
determined on [-1, 1] suchthat y,(x) and y,(x) give two linearly independent solutions of

y'+p(X)y' +q(x)y=0, xe[-1,1] [GATE-2007]
@ Yi(x) =xsin(x), y,(x).= cos(x) (0)  y,(x) = xe%,.y,(x) =sin(x)
© vi(x)=€"" y,(x)=e* -1 (d) y,(x) = %%, y,(X) = cos(x)

Soln. 'y, andy, are two linearly independent solution of given ODE if and only if w(x) = 0 for all x.

i Ye

’ ’
1 2

w(x) =

Yy, = XsinX, Yy, =C0SX

Xsin x COS X

w(x)=

XCOSX+SinX —sinx

—_xsin®X—Xcos? X—cosXsin X =—X—cos xsin x wWhichis zero forx =0

w(x)=0 forx=0= y, &Y, are linearly dependent
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again, y, = xe* ,y, =sinx

X

xe sinx

W(X): = xe* cos x— xe* sin x+e*sinx

(x+1)e* cosx
w(O) =0 =y, &y, are linearly dependent

Also, y, ="y, =e* -1

x-1 X

W(X):e e —

€ €

y, & v, are linearly independenet.

Also, y, =x*, y, =c0s(x)

NG cos(x)

2X —sinXx

W(X):

= —x?sin X — 2XCOSs X

w(0)=0 =y, &Yy, are linearly dependenet
Option (c) is Correct

x-1 x w _ 21 _g21 o1 = e whichis non-zeroforall xe R,
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